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Outline of the talk

© Traffic flow on networks

© The Riemann Problem at point junctions

© Existence of solutions

@ Examples

© The Riemann Problem at junctions with buffer

© The Riemann Problem at junctions for 2nd order models

@ A multi-class model on networks

© Examples
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Outline of the talk

e Traffic flow on networks
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Conservation laws on networks!

Finite collection of directed arcs I; =]as, b;| connected by nodes

! [Holden-Risebro 1995; Garavello-Piccoli 2006]
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LWR model?

Non-linear transport equation: PDE for mass conservation
Otp+0:f(p) =0 r€eER,t>0
@ p € [0, pmax] mean traffic density
e f(p) = pv(p) flux function
Empirical flux-density relation: fundamental diagram

Jp) )

J )

0 P Pmax P Per Pmax P

N 11-D:
Greenshields 35 ewell-Daganzo

2[LighthiII—Whitham 1955, Richards 1956]
5/46



Extension to networks

m incoming arcs

n outgoing arcs

junction

o LWR on networks:
[Holden-Risebro, 1995; Coclite-Garavello-Piccoli, 2005; Garavello-Piccoli, 2006]

o LWR on each road
e Optimization problem at the junction

@ Modeling of junctions with a buffer:
[Herty-Lebacque-Moutari, 2009; Garavello-Goatin, 2012; Garavello, 2014;
Bressan-Nguyen, 2015; LaurentBrouty&al, 2019]

e Junction described by one or more buffers
o Suitable for optimization and Nash equilibrium problems
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Outline of the talk

© The Riemann Problem at point junctions
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Riemann problem at J

Oepr + Oz f(pr) =0
pr(0,2) = pr,o
k=1,....,.n+m

Riemann solver: RS : (p1,05- -+, Prtm,0) —> (P1s-- -, Prtm) S.t.
@ conservation of cars: > | fi(p:) = ;Li:jrl £ (p5)

@ waves with negative speed in incoming roads

@ waves with positive speed in outgoing roads

Consistency condition:

RS (RSE1(p1,05- -+ Prtm,0)) = RS (p1,0,- -, pntmo)  (CC)

8/46



Riemann problem at J

Oepr + Oz f(pr) =0
pr(0,2) = pr,o
k=1,....,.n+m

Riemann solver: RS : (p1,05- -+, Prtm,0) —> (P1s-- -, Prtm) S.t.
@ conservation of cars: > | fi(p:) = ;Li:jrl £ (p5)

@ waves with negative speed in incoming roads

@ waves with positive speed in outgoing roads

Consistency condition:

RS (RSE1(p1,05- -+ Prtm,0)) = RS (p1,0,- -, pntmo)  (CC)

Set v = fi(pr)
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Dynamics at junctions

(A) prescribe a fixed distribution of traffic in outgoing roads

n—+m
A={a;} €eR™": 0<aj <1, Z aj; =1
j=n+1
outgoing fluxes = A- incoming fluxes
= conservation through the junction
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Dynamics at junctions

(A) prescribe a fixed distribution of traffic in outgoing roads

n—+m
A={a;} eER™™: 0<au<1, Y ap=1

j=n+1

outgoing fluxes = A- incoming fluxes
= conservation through the junction

(B) maximize the flux through the junction
= entropy condition

(A)+(B) equivalent to a LP optimization problem and a unique solution to
RPs

More incoming than outgoing roads == priority parameters
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Demand & Supply 3

Incoming roads ¢ = 1,...,n: A 1(p)

max _ [ f(pio) 10 <pio<p”
i fmax if pcr < 00 <1

Outgoing roads j =n+1,...,n+m: 5 1(p)
()
max _ [ [0 < pjo < p™
K f(pio) if p < pjo <1

3[Lebacque, 1996]
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Demand & Supply 3

Incoming roads ¢ = 1,...,n:

max _ | flpio) if0 < pio < p™
i - max . cr .
f if P S P1i,0 S 1

Outgoing roads j =n+1,...,n+m: 5 1(p)
()
max _ [ [0 < pjo < p™
K f(pio) if p < pjo <1

Admissible fluxes at junction:  §; = [0, ;%]

3[Lebacque, 1996]
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Priority Riemann Solver?

(A) distribution matrix of traffic from incoming to outgoing roads

n+m
A:{aji}eRmX”: Ogajigl,zaji=1
j=n+1

(B) priority vector
n
P=(pi,...,pn) ER": p; >0, Zpizl
i=1

(C) feasible set

n n+m
Q:{(fyl,...,fyn)GHQiCA'(’Yl;"'fYn)TG H QJ}

i=1 j=n-+1

4[DelleMonache-Goatin-Piccoli, CMS 2018]
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Priority Riemann Solver

Algorithm 1 Recursive definition of PRS

Set J =0 and J*={1,...,n}\ J.
while |J| < n do
Vi€ J° — h; =max{h: hp, <"} = 71

Vie{n+1...,n+m} — h; =sup{h: ZzeJaﬂQl +h(X e e aiipi) <

g/
Set h = minij{hi, hj}
if 3jst. hj =h then
Set @ =hP and J={1,...,n}.

else
Set I ={i€J°:h;="h}and Q; = hp; forie I.
Set J=JUI.
end if
end while
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PRS in practice

2 X 2 junction (n =2, m = 2):

Iy

@ Define the spaces of the incoming
fluxes

T's
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PRS in practice
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3
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PRS in practice

2 X 2 junction (n =2, m = 2):

Iy

@ Define the spaces of the incoming
Ya P fluxes

" @ Consider the demands

© Trace the supply lines
@ Trace the priority line

Q @ The feasible set is given by
V3

Y2 Iy
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PRS in practice

2 X 2 junction (n =2, m = 2):

Iy

@ Define the spaces of the incoming
Ya P fluxes

" @ Consider the demands

© Trace the supply lines
@ Trace the priority line

Q @ The feasible set is given by
V3

Different situations can occur

Y2 Iy
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PRS: optimal point

P intersects the supply lines inside 2

Iy

V4 P

Y3

V2 I's
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PRS: optimal point

P intersects the supply lines outside 2

Iy

Y4

Y3

V2 I's
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PRS

Definition (PRS)

Q= (f1,--.,7n) incoming fluxes defined by Algorithm 1
A-QT = (Fnt1, .-, Antm) T outgoing fluxes

Set

i if f(pi,0) =i .
P LN if f(pi0) 7 ic{l,....n}
p=p" st f(p) =

. if o) = A
pi = Pi0 o it f(ps0) _’y je{n+1,...,n+m}
p<p” st f(p)=7;

Then, PRS : [0, pmax]™T™ = [0, pmax]™ ™™ is given by

PRS(p1,07 o ,Pn+m,0) = (ph ey Py Prgly e 7ﬁ"+m) .
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PRS

Definition (PRS)

Q= (f1,--.,7n) incoming fluxes defined by Algorithm 1
A-QT = (Fnt1, .-, Antm) T outgoing fluxes
Set

i if f(pio) =7 .
pi:{p,o if f(pio) =7 ie{l,...,n}

p=p" st f(p) =
_ {Pj,o if f(pj0) =%

Di o - je{n+1,...,n+m}
p<p” st f(p)=7;

Then, PRS : [0, pmax]™T™ = [0, pmax]™ ™™ is given by

PRS(p1,07 o ,Pn+m,0) = (ph ey Py Prgly e 7ﬁ"+m) .

Remark: PRS may be obtained as limit of solvers defined by Dynamic
Traffic Assignment based on junctions with queues
[Bressan-Nordli, NHM, to appear]
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Outline of the talk

© Existence of solutions
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Riemann solver: properties®

Definition (P1)

RS(PI,Oy B pn+m,0) = Rs(pll,07 B pln+m,0)

if p1o = pj o whenever either p; o or pj o is a bad datum ("* # f7%).

Definition (P2)

ATV (t) < Cmin {|f(pi0) = f(p)], IT(E+) — T(E=)| + |h(T+) — h(E-)[}
Ah(t) < C|f(pro) — f(p)]

with C > 1, where T'(t) := 31", f(pi(t,0-)), h =sup{h € RT : hP € Q}.

Definition (P3)

If f(p) < fpro):  AT(D) < C|h(f4) = h(i=)[,  h(t+) < h(i-).

5Garavello-Piccoli, AnnIHP 2009
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Cauchy problem: existence results

Theorem (DelleMonache-Goatin-Piccoli, CMS 2018)

If a Riemann solver satisfies (P1)-(P8), then every Cauchy problem with
BV initial data admits a weak solution.

Proof: Wave-Front Tracking, bound on TV(f) and “big shocks”.

Proposition (DelleMonache-Goatin-Piccoli, CMS 2018)

The Priority Riemann Solver PRS satisfies (P1)-(P3) for junctions with
n<2, m<2and0<aj <1 foralli,j.
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Cauchy problem: counterexample for Lipschitz dependence

Proposition (Garavello-Piccoli, Section 5.4)

Let C' > 0 and a 2 x 2 junction with RSs(p1,0,--.,p4,0) = (p1,0,---,P4,0)-
Then there exist two piece-wise constant initial data such that the
L-distance between the corresponding solutions increases by C

llo(t,-) = At )l = Clipo = polly
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Outline of the talk

@ Examples
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PRS on 3 x 2 junction

_[05 06 02
A‘{o.&a 04 0.8

] P=1[05 03 02]
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°*[|-~Time = 3.0

PRS VS RScap on 2 X 2 junction

0.5 0.6
0.5 04

Pq

P =107 0.3]

2l|—Time =0

--Time=1.5

Time = 5.0

or[—Time =0
ozf |- Time = 1.5
o[- Time = 3.0,

Time = 5.0]

PRS

p1,0 =0.2
pP2,0 = 0.6

Pq

P3,0 = 0.3
P4,0 = 0.8

sl |—Time =0

r|-~Time = 3.0

--Time=15

Time =5.0

esr[—Time = 0
oot [--Time =15
o[- Time =3.0

Time = 5.0

RScap
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In summary

General Riemann Solver at junctions:

@ no restriction on A
@ no restriction on the number of roads

@ priorities come before flux maximization

compact algorithm to compute solutions

@ general existence result
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Outline of the talk

© The Riemann Problem at junctions with buffer
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Riemann problem at J with buffer

Ocpr + 0z f(pr) =0 k=1,...,n+m

Pe(0,2) = pr.o
n n+m
r'(t) =Y flpi(t,0-)) = D flpi(t,04))
i=1 j=n+1

T(O) =To € [07 T’maz] bUffer 103.(1

Riemann solver:

RST(t) : (p1,07 o5 Pntm,0, TO) — (pl (t7 117), s ,pn+m(t, Zl'), ’I"(t)) s.t.
o buffer dynamics: r'(t) = Y 1", fi(pi(t,0—)) — ;Li:ll fi(pi(t,04))
@ waves with negative speed in incoming roads

@ waves with positive speed in outgoing roads

Consistency condition:

RS+ (RS#(p1,05- -+ Prtm,0)) = RS#(p1,05- -+, Prtm,0), V7 € [0, Tmaz]
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Riemann problem with buffer: construction

Let 0, €]0,1, k=1,...,n+m,st. >0 0, =>""" 0, =1

j=n+1
u €10, max{n, m}f™*[: maximum load entering the junction

1 _ n max 1 _ n—+m max
O Tine=21"17 Tou: = Zj:n+l V5
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Riemann problem with buffer: construction

Let 0, €]0,1, k=1,...,n+m,st. >0 0, =>""" 0, =1

j=n+1
u €10, max{n, m}f™*[: maximum load entering the junction

1 _ n max 1 _ n—+m max
O Tine=21"17 Tou: = Zj:n+l V5

(2
T, _ min{rgncv :u’} T _ min{l_‘(lm.ta /’L}
nc — . 1 1 out — . 1 1
mln{rinc7 Fout7 ,U‘} mln{Finca Fout7 /.L}

7 € [0, Tmas|

T = T'max
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Riemann problem with buffer: construction

Let 0, €]0,1[, k=1,...,n+m, s.t. Z;leizzﬁgle =1

u €10, max{n, m}f™*[: maximum load entering the junction

1 _ n n+m
o Finc - Zi:l ,.Y’:"nax Fout Z] n+1 ny

_ min{rzlncv :u’} _ min{l_‘(lm.ta /’L}
Finc — 1—‘out - . 1 1
mln{rznc7 Fout7 ,U‘} mln{Finca Fout7 /.L}

e (’?1, - ,’7}/7,,) = PI‘OjIF/_nC (GIFMC, ey Gnch)
(’7”7‘+17 e ,ﬁ/nﬂ»m) - Proj‘]rout (0n+1rinm ey 9n+mrinc)

‘[Finc = {(’ylv"'v’yn) € Hz 1[0 max]: Z;ﬂ 1V = Finc}

JFou,t {(’yn‘f’la e 7’Yn+m) S H;L:::-Li,-l [0 max] : Z_’;’L::fl»l Yi = Fout} .

7 € [0, Tmas|
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Riemann problem with buffer: example

\ pl t t ﬁn-&—l
P1
T(ﬂ = Tmaa
1 Pn+1 r(t) =0 _
Prn+1
£1,0 Pn+1,0 £1,0 Pn+1,0
0 T 0 T

The solution to the Riemann problem when n =m = 1:
Tine > Dout on the left, T'yne < Loy on the right.
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Cauchy problem with buffer: existence

Theorem (Garavello-Goatin, DCDS-A 2012)

For every T > 0, the Cauchy problem admits a weak solution at J
(p1,-- -, Pntm,T) such that

Q for everyl € {1,...,n+m}, p is a weak entropic solution of
Oepr + 02 f(p1) =0

in [0,T] x Ij;
Q for everyl e {1,...,n+m}, pi(0,z) = po,(z) for a.e. x € I};
Q for ae. t€[0,T)

RSr(t) (pl (t7 0_)) s ,pn+m(t, 0+)) = (pl (t7 0_)7 s ,pn+m(t, 0+))7

Q forae. t€[0,T)

n n+m
r'(6) =D fpi(t,02)) = D7 Flpi(t,04)).
i=1 j=n+1

Proof: Wave-Front Tracking, bound on TV(f) and “big shocks”.
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Cauchy problem with buffer: stability

Theorem (Garavello-Goatin, DCDS-A 2012)

The solution (p1,. .., Pnt+m,T) constructed in the previous Theorem depends
on the initial condition (po,1, ..., P0o,ntm,T0) €

(T BV (] = 00,0]: 0,1]) % (TT27 BV (10,400 0,1))) %[0, Pimas]

in a Lipschitz continuous way with respect to the strong topology of the
Cartesian product ([T}, L'(—00,0)) x (H;’;ﬁ_l L(0, oo)) x R

(with Lipschitz constant L =1).

Proof: Shifts differentials.
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Outline of the talk

© The Riemann Problem at junctions for 2nd order models
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Riemann problem ARZ at J

Ocpr + Oz (prvr) =0

O (prwr) + Oz (prvrwe) =0

pr(0,2) = pro, wvk(0,2) =vko
k=1,...,n4+m

Riemann solver:

@ waves with negative speed in incoming roads

@ waves with positive speed in outgoing roads

e conservation of cars: >.._, (pilr) = ;jﬂl(ﬁjﬁj)
@ drivers’ preferences
Pr+1Un41 p1U1
=A
Prn+mUntm PnUn

n
® max} i, pivi
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Riemann problem ARZ at J

Otpr + Oz (prvr) =0
Ot (prwi) + Oz (proswr) =0
pe(0,2) = pro, ve(0,2) = vio

k=1,...,n+m

Previous rules are sufficient to isolate a unique solution in incoming roads,
but not in outgoing roads.

Additional rules

@ maximize the velocity v of cars in outgoing roads
@ maximize the density p of cars in outgoing roads

@ minimize the total variation of p along the solution of the Riemann
problem in outgoing roads
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Outline of the talk

@ A multi-class model on networks

36 /46



Multi-class model on networks®

p¢ density of vehicles of class ¢ =1,..., N on link I,
pe =Y. pi total traffic density on link I,

Oipi + Oz (pive(pe)) =0 = € It >0,

6[Garavello—PiccoIi, CMS 2005; Cristiani-Priuli, NHM 2015; Samanayarake&al, Tr. Sci.
2018]
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Multi-class model on networks®

p¢ density of vehicles of class ¢ =1,..., N on link I,
pe =Y. pi total traffic density on link I,

Oupl + 0x(pive(pe)) =0  x €It >0,

Summing on ¢ =1,..., N. we get

Orpe + Oz (peve(pe)) =0 x € Iy, t >0,

6[Garavello—Piccoli, CMS 2005; Cristiani-Priuli, NHM 2015; Samanayarake&al, Tr. Sci.
2018]
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Multi-class junction conditions

@ Compose the total distribution matriz.
A = {(L;Z}z ; distribution matrices for each class c=1,..., N.. Set

A:={a;;}, where aj;:= Zac pl_ (D

weighted distribution matrix for the total density of the populations at
the junction.

@ Compute the fluzes (1, .., Yn+m)
using the selected Riemann solver RSy = RS% corresponding to (1).

© Distribute the fluxes among the various classes.
The incoming and outgoing fluxes for each class are given by

’Yz %’71, t=1,...,n, ’7;:20513,57 j=n+1,...,n+m.
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Strategy modeling on network”

Weighted distance from the target 7°: uj viscosity solution of

et (2) + ey =0 @€ Qe

M (& — c L (& I
zeé%r(le)W(O) uf (L) Jk € T\TE, 1 € Inc(Jk)

ug(L¢) =0, me(Le) € TC

where ¢¢ is the running cost (¢ =1 or ¢° = v)
[Schieborn-Camilli 2013; Camilli-Festa-Schieborn 2013]

7[FestaGoatin, CDC2019]
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Strategy modeling on network”

Weighted distance from the target 7°: uj viscosity solution of

Ozug(x) + 790(1’”13[(%0) =0 z€l,

min  u§(0) = uf(Ly) Jk € T\TE, 1 € Inc(Jk)
£€0ut(Jy,)
ui(Le) =0, me(Le) € T°

where ¢¢ is the running cost (¢ =1 or ¢° = v)
[Schieborn-Camilli 2013; Camilli-Festa-Schieborn 2013]

We set

Wy = {l € Out(Jy): i (0) = jGOH}thI(le)uj(O)}

and

ji

[y, ijews
1 0, otherwise

7[FestaGoatin, CDC2019]
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Outline of the talk

© Examples
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Example 18: Pasadena

s
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-1 08 06 0.4 0.2 0 02 04 06 08 1

8[Thai-LaurentBrouty-Bayen, IEEE ITS 2016]
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Example 1

Class 2, time=0 Class 1, tme=0

0 0 '

02 02 0s
0s

02 0z 0s

04 04 02

08 o

v 08 Y T T ¥ 08 T TR T 1

non informed informed
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Class 2, time=1.2

Example 1

04 oz o 02 04

non informed
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Class 1, time 1.2

informed

42 /46



Class 2, time=2

Example 1

o 0z o oz o4

non informed

06

0

Class 1, time=2
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04
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08 04 oz o oz os os

informed
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Example 1

Performance for percentage of rout

01 0z 03 07 08 08 1

4 o,
Vehicles rate P

Total Travel Time in the
whole network for each of
the two populations and for
the whole population de-
pending on the penetration
rate of routed vehicles P

Performance for percentage of vehicles (main/secondary roads)

ndary roads.
r0ad

o1 02 03 6 07 08 09 1

Total Travel Time in the
main road and in the two
detours to reach destination
depending on the penetra-
tion rate of routed vehicles

P
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Example 2: Sophia Antipolis

0 200 400 600 800 1000 1200 1400 1600
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Conclusion

Multi-population model accounting for routing choices:

Can be applied to any Riemann Solver at junction

Solves eikonal equations on networks
o Reproduces expected behaviour
@ Can be extended to route choice based on traffic forecast

e Convergence?
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