Graphon games: A statistical framework for
network games and interventions

Francesca Parise and Asuman Ozdaglar

Laboratory for Information and Decision Systems
Department of Electrical Engineering and Computer Science
Massachusetts Institute of Technology

November 2019

0/31



Motivation

Social interactions Economic interactions
e Adoption of innovations, behaviors e Public good provision
¢ Opinion formation e Competition among firms
e Social learning e Financial trades

In many social and economic settings, decisions of individuals are affected
more by the actions of their friends, colleagues, peers and competitors.
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Network game model

Consider a network game defined by:
11 1 2.2 2.
- N agents Stz (x) T2 (22, 22(x)

°
- interacting over a network G € RV*N w ’

[ ]
Gjj > 0 influence of j on i w
Gii =0 no self loops

Each agent i aims at minimizing its cost function

o strategy: x € R" e cost: J(x,Z (%) R" xR" — R
e feasible set: X' CR" e aggregate: z'(x):= %Z}Vﬂ Gyx!

Standing assumption

- X" C R" compact and convex;

- J(x',Z'(x)) strongly convex in x', for all x™" € x7';
- (X Z)ec?in X 2.



Linear quadratic network games

e Each agent chooses an action x' >0 ...

— how much effort exerted on an activity
(e.g. education, smoking, public goods)

e Agent i cost function:

S, 2()) = 5(<) = alx' = K- 2(x) '

N =

) _ network effects
cost isolation

e aggregate: z/(x) = % i Gjx/

e K determines how much neighbor actions affect agent’s payoff.
(K > 0 strategic complements; K < 0 strategic substitutes)

A set of strategies {x'}" ; is a Nash equilibrium if for each player i,

Ji (ii,zi(i)) <J (X’,zi(i), for all x" € X',



Literature and main question

What is the impact of network structure on equilibrium outcome?

- How does individual network position determine individual play?

Ballester et al. (2006); Bramoullé and Kranton (2007); Bramoullé et al.
(2014); Belhaj et al. (2014); Jackson and Zenou (2014); Acemoglu et al.
(2015); Allouch (2015); Melo (2017); Parise and Ozdaglar (2018)

- How does a central planner target interventions?

o Ballester et al. (2006): key-player removal in crime applications
e Candogan et al. (2012): optimal pricing for monopolist
e Galeotti et al. (2017): budget allocation in network games

< require exact network information

Applications where network is large, changing over time or multiple networks

Can we regulate strategic behavior by using only statistical information
about network interactions?



A statistical framework for network games

Stochastic Network
Formation Process

LN

o] [¢] Lo
i I
TR
Kl A
complete
information

Sampled network game = game over a sampled network

- Related work on distribution of centrality measures:
Dasaratha (2017), Avella-Medina, Parise, Schaub, and Segarra (2018)



Graphons as stochastic network formation processes

Graphons -[Lovasz, 2012]

A symmetric measurable function W : [0,1]* — [0, 1] t \

k]

1) Limit of graph: W(s,t) = interaction s, t € [0,1]

RN N

1
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Graphons as stochastic network formation processes

Graphons -[Lovasz, 2012]

A symmetric measurable function W : [0,1]* — [0, 1] t \

2) Random graph model:

T1Tz T3T4Ts

Generalize parametric models such as Erdos-Renyi, Stochastic Block model

T1T2 3L T



Graphons as stochastic network formation processes

Graphons -[Lovasz, 2012]

A symmetric measurable function W : [0,1]* — [0, 1] t \

K] 1

- Theory:
[Lovasz, Szegedy, 2006], [Lovasz, 2012], [Borgs et al., 2008]

- Applications:
e community detection [Eldridge et al., 2016],
crowd-sourcing [Lee and Shah, 2017],
signal processing [Morency and Leus, 2017],
optimal control of dynamical systems [Gao and Caines, 2017]
graphon mean field games: [Caines and Huang, 2018]

- Key idea of this work:
combine network game theory with graphon theory

6/31



[llustration for a SBM
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1. How close are Nash equilibria in different sampled network games?



[llustration for a SBM
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Questions:
1. How close are Nash equilibria in different sampled network games?

2. Will the Nash equilibria converge to a deterministic profile for N
large?



[llustration for a SBM
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agent
Questions:
1. How close are Nash equilibria in different sampled network games?
2. Will the Nash equilibria converge to a deterministic profile for N
large?
3. Can we exploit this property to design robust interventions for
sampled network games?



Talk outline
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Step 1 Define graphon games for infinite populations
o define equilibrium
e existence, uniqueness and sensitivity
Step 2 Relate infinite graphon games to sampled network games

o reformulate a network games as a step-function graphon game
o relate equilibria of graphon games & sampled network games
(bound the distance in terms on the population size)

Step 3 Design interventions for sampled network games based on graphon model

Step 4 Incomplete information in sampled network games

8/31



Step 1:
Infinite population
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Network versus graphon games

Network games Graphon games
- Agents: ie{l,...,N} s €10,1]
- Interactions: G e RV*N W :[0,1)* — [0,1]
- Strategy: xeXx x(s) € X(s)
- Cost function: J(x', 2" J(x(s), z(s | x))
- Aggregate: Z'(x) =% ZJ L Gix! z(s | x) fo (s, t)x(t)dt

Remarks:
e Agents are a continuum in [0, 1] (non-atomic)
e W(s, t) represents the interaction among the non-atomic agents s and t
e The agents cost function is the same in network and in graphon games

e A strategy profile is a function x : [0,1] = X



Network versus graphon games

Network games Graphon games
- Agents: ie{l,...,N} s €[0,1]
- Interactions: G e RVXN W :[0,1]*> — [0, 1]
- Strategy: x e x x(s) € X(s)
- Cost function: J(x', 2) J(x(s), z(s | x))
- Aggregate: Z(x) =4 Z, L Gix! z(s | x) fo (s, t)x(t)dt

Definition: Nash equilibrium
A function X(s) € X(s) is a Nash equilibrium if for all s € [0, 1]

J(x(s),z(s | X)) < J(%,z(s | X)) for all X € X(s)

Similarity with Wardrop equilibrium for non-atomic congestion games
[Wardrop, 1900], [Smith, 1979]



Network versus graphon games

Network games Graphon games
- Agents: ie{l,...,N} s €0,1]
- Interactions: G e RVXN W :[0,1]*> — [0, 1]
- Strategy: x e X x(s) € X(s)
- Cost function: J(x', 2") J(x(s), z(s | x))
- Aggregate: Z(x) =4 Z, L Gix! z(s | x) fo (s, t)x(t)dt

Definition: Nash equilibrium
A function X(s) € X(s) is a Nash equilibrium if for all s € [0,1]

J(x(s),z(s | X)) < J(%X,z(s | X)) for all X € X(s)

Does a Nash equilibrium exist? Is it unique?



The graphon operator

Adjacency matrix Graphon operator
G € RVXN W L2([0,1]) — L3([0,1])
v Gy f— (Wf)(s) = fo W(s, t)f(t)dt
Gv = \v (WF)(s) = Af(s)

Properties of W - [Lovasz, 2012]
1. W is a linear, continuous, bounded operator;

2. all the eigenvalues of W are real;

3. W == supserzqo,y, =1 IWFllL = Amax(W).
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An example

Consider an infinite population of

agents which are spatially located
. 0.2
along a line (e.g. a street). 0.1Q
0

e 5 € [0,1] = position along line 02
o influence between agents is a %

decreasing function of
the spatial distance

e central agents are affected
more

minmax graphon

05

W(s, t) = min(s, t)(1 — max(s, t))

Spectral properties:

1

A= g

W has an infinite, but countable, number of nonzero eigenvalues, with an

accumulation point at zero. Moreover, Amax(W)

¥n(s) == V2sin(hrs) Vhe {1,2,...00}

1

= .

™



Reformulation as fixed point of the best response mapping

Nash equilibrium

x(s) = arg_min J(%,2(s | X))

consider a fixed strategy profile x(s)
the corresponding local aggregate function is

2(s) = 2(s | x) = /0 “W(s, t)x(t)dt = (W)(s)

Define the best response operator B

(Bz)(s) := arg min, J(%, z(s)),

the best response mapping is

x = Bz, = BWx

Lemma - Equivalent characterization

X is a Nash equilibrium iff it is a fixed point of the game operator BW, i.e.

X = BWx.
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Existence and uniqueness

Assumption on cost and strategy sets

e J(x,z) is C* and strongly convex in x uniformly in z (constant 1)
V.J(x,z) is Lipschitz in z uniformly in x (constant ;)

¢ X(s) convex and closed Vs € [0,1], 3 X compact s.t. X(s) C X, Vs.

Proof idea: prove that BW is a contraction
1. prove that B is Lipschitz

L
Bz — Bzl < = |21 — 2|2
o
2. combining with W we get
l L
[BWx1 — BWxo| 2 < ;JHWM - Wxel|2 = IJHW(XI —x2) |2
J J

1€J EJ
< = [IWlIlx = xellz = —=Amaxc(W)[]xa — o[ 12
My 2]

3. apply Banach fixed point theorem

Theorem

1 . .
“dmax(W) <1 = existence and uniqueness
14y
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Linear quadratic graphon games

I, 2') = %(xif _ XKz + 4]

o a Nash equilibrium exists and is unique if

0y 1
7/\ma>< W <1 = K < ———=<
125 ( ) )\max(W)

— compare with: [Ballester et al., 2006], [Jackson and Zenou, 2014]

o for game of strategic complements (K > 0) equilibrium is proportional to
Bonacich centrality

%(s) = a((I — KW) "10.7)(s)

— centrality measures for graphons:
[Avella-Medina, Parise, Schaub, Segarra. 2017]
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Example - cont'd

I 7 = %(X"f — XKz + 3]

e Use minmax graphon and recall Apax (W) = 2

e Set K = 0.5 (for uniqueness).

Games with complements: K=0.5

-
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T
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T
.

strategies profile x(s)

0.2 0.4 0.6 0.8 1
position s

o
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Comparative statics

How does the equilibrium change if the graphon changes from W to W?

Theorem

Let Xmax := maxxex ||x]|. Then under the previous assumptions

P

sl k|

Proof idea:
- . - e T
X = %[z = [[BWx — BWX]|,2 < ;HWX - WX|
J
4y - £y s
< —[[Wx 12 + —=[|[Wx — WX|| 2
13} Hy

< LR = Rl 9 = W] 150
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Step 2:
finite population

step 1
—> i
0 0.2 0.4 0.6 0.8 1
1 step 2
—>
0 02 04 0.6 0.8 1
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Step 2: Relation sample network and graphon game

Theorem: Nash equilibrium distance
Suppose that W is Lipschitz continuous and fix any tolerance 6 < 1.
With probability at least 1 — 26

N
Proof idea:

e map any finite network game to a graphon game with

piece-wise constant
u graphon wiv

U Uy Us U Uy

o relate equilibria distance to graphon operator distance:
IR = Rl < Rl [ W — w|

e bound the graphon operator distance (improvement on [Lovasz, 2012]):

-] < 2
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Example - cont'd

Use minmax graphon and recall Amax(W) = %. Set a = 0.5 (for uniqueness).
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Games with complements: a=0.5

-

=}

>
T

-

o

=
T

-
o
o

T

\

strategies profile s(x)

o Plot the equilibrium in sampled network games for N = 10, 50,200, 2000

0.2 0.4 0.6 0.8 1
position x

e Plot expected distance over 100 realizations

2

x10°° 0-1 adj y matrix

average distance

400 600 800 1000 1200 1400 1600 1800 2000
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Step 3:
Interventions
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Welfare maximization in LQ network games

I, 2') = %(x’)2 XK +4],  K>0

This could model for example peer pressure in education: Calvé-Armengol,

Patacchini, Zenou (2009)

e x' = student effort
. K = level of peer pressure
e 3' = effort in isolation



Welfare maximization in LQ network games

J(Xi7Zi| 6’) _ %(X“)Q _ Xi[KZi + ai_"_ﬂi]

Per-capita welfare maximization problem - Galeotti et al., (2017):

max THl.=—15N J=, 7|5

st YN () < M,

Network heuristic Graphon heuristic
[N] 1/C[N]V[N] 18 [N]]I — N '1/11(51'),
where v[ I'is the dominant where 1); is the dominant

eigenvector of GIM eigenfunction of W



Performance of the graphon heuristic

Theorem
If further Ay (W) > Ao(W) and C!M = O(N), with probability 1 — 24

log(N /o
|T£ﬁ1Téﬁ10< og(/0) )>.

Proof idea:
o i) TV = L2 and i) *M = [1 — a2 (2 + B)

VCIN + a/N 1

T - T < S 1185 — 84

N (I—nKn(W))
Vv CIM + av/N vV CIV] ” v ||
= N (@ gKa(w) T e

e By Davis-Kahan theorem

V2 ||l —
o if(w_ M(Sg)H _0< '°g(“’/5)>

rel. to WIN] rel. to W

N



The community model

SBM model
0 graphon
e generalize to K communities "
e each agent belongs to o4 .
community k with probability wi = e

e agents in community /, k
connect with probability g o o2 od o5 os

(e.g. Currarini et al. (2009) community= students of different race)

How to compute the dominant eigenfunction?
e Let D := diag([wi]) € R***
o Let Q :=[qi] € R**
o Let vy dominant eigenvector of QD € RAx4

e Then 1(s) is piece-wise constant with values given by v,

® O

©



The community model - cont'd

1.75 ’ - S —— —
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The graphon heuristic is much simpler to implement
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Step 4:
Incomplete information
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Incomplete information in sampled network games

Stochastic Network
Formation Process

G/ G//
-omplete incomplete
informgetion —_— information
7.X, (7.2, W1}

An incomplete information sampled network game Q”’(X, J, W) is a game
e with a random number N of agents
e with types {t'}"; sampled i.i.d from /[0, 1]
e interacting according to a network G!™ sampled from the graphon W
e cach agent i has information about: W, t', X and J

e while is uninformed about G and the other agents types t '
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Symmetric Bayesian Nash equilibrium

e Suppose agent of type s play b(s) (symmetric case)
e The expected cost of an agent of type t' = s playing x(s) € X(s) is

Jop (X(5) | B) = By et [J (x(s), - Z[G[M]Ub(ﬂ))]

J#i

Symmetric Bayesian Nash equilibrium
b(s) € X(s) is a symmetric e-Bayesian Nash equilibrium if for all s € [0, 1]

Jexp(b(8) | b) < Jexp(X | b) + € for all X € X(s).

Symmetric Bayesian Nash eq. are strictly related to graphon Nash eq.



Linear quadratic games

Theorem
X is a Nash equilibrium of G(X,J, W) iff it is a symmetric Bayesian Nash
equilibrium of G"(X, J, W).

Proof idea:
e X Graphon equilibrium iffJ()?(s), E(s)) < J(i Z(s)),VX,s

= [i W(s, t)x(t)dt

e Fix b = X, by linearity in aggregate: Joxp(x(s) | X) = J(x(5), Zexp(s)) where
ZeXP(S) = EN,t*"‘Iinks [ﬁ Zj[G[N]]/j)_((tj)]
X Bayesian equilibrium iff J(X(8), zexp(5)) < J(X, Zexp(5)), VX, s.

¢ Conclusion follows from ze(s) = Z(s)
Zexp(5) = ENE—i|NE jinksje—i n [ﬁ Zj#i[G[N]]U)_((tj)]
= ENE,—iy [hr S WIS, )R(E)] = Bnggly X By [W(s, 9)R(8)]

=EBngt it fol W(s, t)x(t)dt = En g > i 2(s) = En2(s) = Z(s)
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Generalization to Lipschitz cost

Theorem
Further suppose that
e J(x,z) is Lipschitz continuous in z uniformly over x
e agents know that N > Nnin
The Nash equilibrium of G(X, J, W) is a symmetric e-Bayesian Nash equi-

librium with
_ log( Nmin)
e=0 ( N .

Proof idea:
e For general cost

Jop(x(5) | 2) = Epy e s[4 (%(5), 7 SHCMIR(E) )| # I (x(5), 2wn(5))
= Ecyo [ (x(5), G(5))]

e Prove that (x(s) concentrates around ze(s) for N large
e Use Lipschitz condition to show that

Jexp(X(s) | X) & S (x(5), Zexn(5)) = J (x(s), Z(5))



Conclusion

step 1

4
, —==a_
o N
N

Summary
e Define graphon games and study equilibrium properties
e Graphon equilibrium is a good approximation for sampled network games
e Shown how to design robust interventions using graphon model

e Foundation for graphon equilibrium in incomplete information games



