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Homogeneous routing games

Transportation network → directed multigraph G = (N , E)
Behaviour of agents → game theory

Notation
Origin-destination (o, d) → route set R
Route flows z induce unique edge flows via fe =

∑
r :e∈r zr

∀e ∈ E → nondecreasing delay function de(fe)

Cost of route r : cr (z) =
∑

e:e∈r de(fe)
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Homogeneous routing games

Wardrop equilibrium [Wardrop, 1952]
Wardrop equilibrium ⇐⇒ admissible route flows s.t.

zr > 0 ⇒ cr (z) ≤ cq(z) ∀r , q ∈ R.

Homogeneous games are potential [Beckmann, 1956]
f ∗ Wardrop equilibrium ⇐⇒ f ∗ solves

minimize
f

∑
e∈E

∫ fe

0
de(s)ds

subject to f ≥ 0,Bf = ν.

existence of the equilibrium
if delay strictly increasing =⇒ uniqueness of the equilibrium
convergence of learning dynamics
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Heterogeneous routing games

P populations → flows f p → aggregated flows f =
∑

p f
p

delay functions dp
e (fe)

Wardrop equilibrium
Wardrop equilibrium ⇐⇒ admissible route flows s.t.

zpr > 0 ⇒ cpr (z) ≤ cpq (z) ∀r , q ∈ R.

Heterogeneous games are not potential
I Existence of equilibrium [Schmeidler, 1973]
I Essential uniqueness (i.e. uniqueness of the aggregated flows) for series

of nearly parallel graphs [Milchtaich, 2005]
I Open question: what about learning dynamics?
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Logit dynamics

żpr = τp ·
exp
(
−η · cpr (

∑P
q=1 z

q)
)

∑
s∈R exp

(
−η · cps (

∑p
q=1 z

q)
) − zpr ∀p ∈ P,∀r ∈ R.

η inverse of noise level
τp throughput of population p

η = 0: divergent noise, randomization

żpr = τp · 1
|R|
− zpr

η →∞: no noise, best response dynamics
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Dynamics on simple graphs

Simple graph
A graph is simple if every edge belongs to one route only.

o a d

Logit dynamics on simple graphs

˙f pe = τp ·
exp
(
−η · dp

e (
∑P

q=1 f
q
e )
)

∑L
j=1 exp

(
−η · dp

j (
∑P

q=1 f
q
j )
) − f pe ∀p ∈ P, ∀e ∈ E
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Main result: global convergence on (series of) simple graphs

Theorem
G = (V, E) series of simple directed graphs.
P populations, with non-decreasing delay functions dp

e (fe)

Then:
1 logit dynamics converges to a globally asymptotically stable

equilibrium f ∗(η)

2 limη→+∞ f ∗(η) approaches the set of the Wardrop equilibria
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Sketch of the proof

For simple graphs the dynamics of the aggregated flows reads

ḟe =
P∑

p=1

[τp ·
exp
(
−η · dp

e (fe)
)∑L

j=1 exp
(
−η · dp

j (fj)
) ]− fe ∀e ∈ E

The evolution of f is autonomous.
J is Metzler and strictly diagonally dominant by columns.

=⇒ l1 contraction [Como et al., 2015]

For series of simple graphs we prove in cascade
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Simulations: simple graphs

o a d

||f (t)− g(t)||l1 ≤ ||f (0)− g(0)||l1e−t

Remark
Simple ⇒ nearly parallel
Nearly parallel ; simple
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Simulations: nearly parallel graphs

o

a

b

d

P = 2 η = 10

Conjecture
Globally asymptotically stable equilibrium on nearly parallel graphs

10 / 12



Simulations: not nearly parallel graphs

o

a

b

d

P = 2 η = 10

Bifurcation point
I η →∞: two attractive equilibria
I η = 0: globally asymptotically stable equilibrium
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Conclusions

Stability of the equilibria under logit dynamics in (series of) simple
graphs

Conjecture: globally asymptotically stable equilibrium even in (series
of) nearly parallel graphs

Bifurcation in graphs with multiple equilibria
I η = 0: unique equilibrium (randomization)
I η →∞: multiple stable equilibria

12 / 12



12 / 12



References

Schmeidler, David. "Equilibrium points of nonatomic games." Journal
of statistical Physics 7.4 (1973): 295-300.
Milchtaich, Igal. "Topological conditions for uniqueness of equilibrium
in networks." Mathematics of Operations Research 30.1 (2005):
225-244.
Como, Giacomo, Enrico Lovisari, and Ketan Savla. "Throughput
optimality and overload behavior of dynamical flow networks under
monotone distributed routing." IEEE Transactions on Control of
Network Systems 2.1 (2014): 57-67.
Cole, Richard, Yevgeniy Dodis, and Tim Roughgarden. "How much
can taxes help selfish routing?." Journal of Computer and System
Sciences 72.3 (2006): 444-467.
Thai, Jérôme, Nicolas Laurent-Brouty, and Alexandre M. Bayen.
"Negative externalities of GPS-enabled routing applications: A game
theoretical approach." 2016 IEEE 19th International Conference on
Intelligent Transportation Systems (ITSC). IEEE, 2016.

12 / 12



Wardrop, John Glen. "Road paper. some theoretical aspects of road traffic
research." Proceedings of the institution of civil engineers 1.3 (1952):
325-362.

Beckmann, Martin, Charles B. McGuire, and Christopher B. Winsten.
Studies in the Economics of Transportation. No. 226 pp. 1956.

12 / 12



Nearly parallel
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o de2

e1

If it exists f̃ s.t.

d1
1 (f̃ ) = d1

2 (τ − f̃ ), d2
1 (f̃ ) = d2

2 (τ − f̃ ), (1)

all the edge flows satisfying

f 1
1 + f 2

1 = f̃ , f 1
2 + f 2

2 = τ − f̃ ,

f 1
1 + f 1

2 = τ1, f 2
1 + f 2

2 = τ2,
(2)

are Wardrop equilibria.
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d1
1 (f1) = f1 + 1, d2

1 (f1) = 2f1, τ1 = 1;

d1
2 (f2) = 2f2, d2

2 (f2) = f2 + 1; τ2 = 1.
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