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State convergence is a quintessential problem

G. Belgioioso, F. Fabiani, F. Blanchini and S. Grammatico, On the convergence of
discrete-time linear systems: a linear time-varying Mann iteration converges iff its
operator is strictly pseudocontractive, L-CSS, 2018.

F. Fabiani, G. Belgioioso, F. Blanchini, P. Colaneri and S. Grammatico, Convergence
in uncertain linear systems, arXiv, 2019.
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Problem
Convergence of the state variables to a constant, a-priori unknown
state
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State convergence is a quintessential problem
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discrete-time linear systems: a linear time-varying Mann iteration converges iff its
operator is strictly pseudocontractive, L-CSS, 2018.

F. Fabiani, G. Belgioioso, F. Blanchini, P. Colaneri and S. Grammatico, Convergence
in uncertain linear systems, arXiv, 2019.

Problem
Convergence of the state variables to a constant, a-priori unknown
state
Theoretical problems: Applications:
* Consensus * Power systems

® Optimization & game theory  ® Social networks
® Multi-agent learning ® Robotic and sensor networks
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Why uncertain systems?

Polar opinion dynamics in social networks

N-Agents in a social network, opinion vector x € [-1,1]V
x =-A(x)Lx

o LeRN*N | 5placian matrix of the communication graph

* A(x) e diag ([0, 1]V) susceptibility to persuasion

V. Amelkin, F. Bullo and A. K. Singh, Polar opinion dynamics in social networks, TAC, 2017.
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Why uncertain systems?

Polar opinion dynamics in social networks

N-Agents in a social network, opinion vector x € [-1,1]V
x =-A(x)Lx

o LeRN*N | 5placian matrix of the communication graph

* A(x) ediag ([O, 1]N) susceptibility to persuasion

U
A(x) € conv{As,...,An} for all x e [-1,1]V

Always exist functions «;(t,x) >0, ¥jenq @i(t,x) =1 s.t.

x==(Ziemai(t,x)AiL) x

V. Amelkin, F. Bullo and A. K. Singh, Polar opinion dynamics in social networks, TAC, 2017.
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Why uncertain systems?

Polar opinion dynamics in social networks

N-Agents in a social network, opinion vector x € [-1,1]V
x =-A(x)Lx

o LeRN*N | 5placian matrix of the communication graph

* A(x) ediag ([O, 1]N) susceptibility to persuasion

U
A(x) € conv{As,...,An} for all x e [-1,1]V

Always exist functions «;(t,x) >0, ¥jenq @i(t,x) =1 s.t.

x econv ({Aj L};cng) X

V. Amelkin, F. Bullo and A. K. Singh, Polar opinion dynamics in social networks, TAC, 2017.
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General framework and definitions

Difference (differential) inclusion with polytopic uncertainty:

x(k+1) =Y Aiwi(k)x(k) = A(w(k))x(k) (1)

ieM

with w(k) e W= {w eR™| Sjcpwi =1, wi 20 Vie M},
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General framework and definitions

Difference (differential) inclusion with polytopic uncertainty:

x(k+1) =Y Aiwi(k)x(k) = A(w(k))x(k) (1)

ieM

with w(k) e W= {w eR™| Sjcpwi =1, wi 20 Vie M},

x(k) = X strongly depends on {w(k)},

Example:
A(w(k)) = [alvll(k) (1’] ar(k) € {1/2, 3/4) Vk €N
{Xl(k) -0
x2(k) = X2 = x2(0) + Xys0 X1 (k)
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General framework and definitions

Difference (differential) inclusion with polytopic uncertainty:

x(k+1) =Y Aw(k)x(k) = A(w(k))x(k) (1)

ieM
with w(k) e W = {w e R™| Siepwi =1, wi 20 ¥ie M}.

Definition
The system in (1) is weakly convergent if, Yw(k) € W and
Vx(0) e R", Ix e R" s.t. klim |x(k) - x| = 0.

Definition
The system in (1) is strongly convergent if, Yw(k) € W and
Vx(0) e R”, 3x € X = Njeaq ker (Aj = 1) s.t. inm |x(k)-x| =0.
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The Kernel Sharing Property (KSP)

When weak convergence implies strong convergence

f—
Strong convergence ! Weak convergence
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The Kernel Sharing Property (KSP)

When weak convergence implies strong convergence

f—
Strong convergence ! Weak convergence

Definition
{A;}ieam has the KSP if ker (A; — 1) = Njen ker (A= 1), Vie M.
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The Kernel Sharing Property (KSP)

When weak convergence implies strong convergence

f—
Strong convergence ! Weak convergence

Definition
{Ai}iem has the KSP if ker (Aj = 1) = Niepm ker (Ai= 1), Vie M.

@ Efficiently verified by means of linear algebra arguments
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The Kernel Sharing Property (KSP)

When weak convergence implies strong convergence

f—
Strong convergence ! Weak convergence

Definition
{Ai}iem has the KSP if ker (Aj = 1) = Niepm ker (Ai= 1), Vie M.

@ Efficiently verified by means of linear algebra arguments

® — ker(A(w)—1) is invariant w.r.t. weW
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The Kernel Sharing Property (KSP)

When weak convergence implies strong convergence
f—
Strong convergence ! Weak convergence

Definition
{Ai}iem has the KSP if ker (A; = 1) = Niepr ker (A= 1), Vie M.

@ Efficiently verified by means of linear algebra arguments

® — ker(A(w)—1) is invariant w.r.t. weW

Proposition

If the family of matrices {A;}icam has the KSP, then weak
convergence =—> strong convergence.
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The Kernel Sharing Property (KSP)

When weak convergence implies strong convergence
f—
Strong convergence ! Weak convergence

Definition
{A;}iem has the KSP if ker (Aj — 1) = Njepr ker (Ai = 1), Vie M.

@ Efficiently verified by means of linear algebra arguments
® — ker(A(w)—1) is invariant w.r.t. weW

Theorem
x* e A(w)x strongly convergent <= 3 T e R™" s.t., forall i e M,

T‘lA,-T:[ A 0 ]

A,

m = dim(X), while {A2*};cr1 generate a.s. difference inclusion.

5
TUDelft



Strong convergence
Lyapunov-like results
Theorem
x* e A(w)x strongly convergent —> existence of wPLF.
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Strong convergence
Lyapunov-like results
Theorem
x* e A(w)x strongly convergent —> existence of wPLF.

* x* e A(w)x strongly convergent =~ existence of wQLF

Example:
Asymptotic stability as strong convergence to the kernel {0}

. 0 1
X = lew(t) -1 x, |w(t)|<pVt
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Strong convergence

Lyapunov-like results

Theorem
x* e A(w)x strongly convergent —> existence of wPLF.

* x* e A(w)x strongly convergent =~ existence of wQLF

Example:
Asymptotic stability as strong convergence to the kernel {0}

. 0 1
X = lew(t) -1 x, |w(t)|<pVt

* Existence of wPLF or wQLF =& strong/weak convergence
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Weak convergence

LaSalle arguments for differential inclusions x € A(w)x

Insight:

B marginal stability
X=>X+0 — - L
matrix A € conv ({A;},.7) is singular

J

Common kernel not required
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Weak convergence

LaSalle arguments for differential inclusions x € A(w)x

Insight:

B marginal stability
X=>X+0 — - L
matrix A € conv ({A;},.7) is singular

J

Common kernel not required

Example:

A(w(t))e{A1,A2}={[ (1) j ]’[ —2 —i ]}

* if A(w) “converges” to A= %(Al + Az) (singular) = x — [X1;0]
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Beyond convergence issues...

e Operator-splitting methods for decomposable, large-scale SDPs
i C, X
min  {C, X)

s.t. <Ak,X) = bk, Vke K:,
X eS!.
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Beyond convergence issues...

e Operator-splitting methods for decomposable, large-scale SDPs
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min Z(C,-,X,—)
Lo XN e
s.t. Z(Ak,,-,X,-) = bk, Vke ’C,
i€l
EXE] — EX;E =0, V(i,j) e T x N,
X; €S9 vieT.




Beyond convergence issues...

e Operator-splitting methods for decomposable, large-scale SDPs
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min Z(C,—,X,-)
1yees XN ieT
s.t. Z(Ak,,’,Xi) = bk, Vke ]C,

i€
EXE - EXE] =0, ¥(i.j) e Tx N,
X; ¢S vieT.

o € zer(A+ B)




Beyond convergence issues...

e Operator-splitting methods for decomposable, large-scale SDPs

min Z(C,-,X,-)
1yeees XN el
s.t. Z(Ak,,’,Xi) = bk, Vke ]C,
ieT — |0 € Zer(A+ B)

EXE] - EXE =0, ¥(i,j) € T x N,
X; ¢S vieT.

e Distributed algorithms for nonconvex games

min J,'(X,',X_,')
VieZ: Xt
st.  g(x)<0.
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Beyond convergence issues...

e Operator-splitting methods for decomposable, large-scale SDPs

min Z(C,-,X,-)
1yeees XN el
s.t. Z(Ak,,’,Xi) = bk, Vke ]C,
ieT — |0 € Zer(A+ B)

EXE] - EXE =0, ¥(i,j) € T x N,
X; ¢S vieT.

e Distributed algorithms for nonconvex games

min  Ji(xj, x-;) @ Nonmonotone Vls
VieZ: XX — y i
st.  g(x)<0. ® Moments approac
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Thank you for your

kind attention!

& f.fabiani@tudelft.nl
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