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Non-local models

OUTLINE OF THE TALK

© INTRODUCTION

© NON-LOCAL CONSERVATION LAWS
@ Pre-existing non-local traffic flow models

e A SCALAR TRAFFIC FLOW MODEL WITH NON-LOCAL VELOCITY
@ Well-posedness
o Limit model and numerical tests

e A MULTI-CLASS TRAFFIC FLOW MODEL WITH NON-LOCAL
VELOCITY
@ Existence of weak solutions
@ Numerical tests mixed traffic
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Non-local models
Introduction

TRAFFIC FLOW MODELING APPROACHES

@ individual vehicles and interactions
@ ODE systems

@ low and high densities

Mesoscopic

@ gas-kinetic equations

@ stochastic interactions

@ collective behavior

o PDEs
@ high densities
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Non-local models
Introduction

CONSERVATION LAWS FOR TRAFFIC FLOW

density p

S —

G2 oG G o o

b
p(t, x)dx = total number of cars at time t within the interval [a, b]
(

d b

g / p(t, x)dx = (flux of cars entering at a)-(flux of cars exiting at b)
a

= f(t,a) — f(t,b)

Mass conservation equation: 9:p(t,x) + Oxf(p(t,x)) =0
Lighthill-Whitham-Richards model (1955-1956): f(p(t,x)) = p(t,x)v(p(t, x))
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Non-local models
Non-local conservation laws

NON-LOCAL CONSERVATION LAWS

(Systems of) equations of the form
OrU 4 divx F(t,x, U,w x U) =0

with t € RT, x € RY, U(t,x) € RV, w(t,x) € R™*N

Applications
o sedimentation [Berancourr&ar, NONLINEARITY 2011]

o granular flows [Amapori-Suen, JHDE 2012]

@ crowd dynamics [CoLomBo&aL, ESAIM COCV 2011; AMS 2011; M3AS 2012]

supply chains [CoLomBo-HErry-MEerciEr, ESAIM COCV 2011]

@ conveyor belts [GorrLiIcH& AL, APPL. MartH. MODELL., 2014]

o gradient constraint [Avorim, BuLL. Braz. MarH. Soc., 2012]
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Non-local models
Non-local conservation laws

Pre-existing non-local traffic flow models

@ NON-LOCAL MODELS FOR PEDESTRIAN TR,AF‘FIC:l

O:p + div(pv(p)(v(x) + Z(p)) = O,
V(p * w)
T(p) = —e YP*wW)
N TR
Otp + div(pv(p * w)r(x)) = 0.

e THE ARRHENIUS MODEL FOR VEHICULAR TRAFFIC F‘LOW2

Otp + Ox(p(L — p) exp(—wn * p)) =0,

X+ JO
ot = [ 2 p(e.y)dy.

o THE BLANDIN-(GGOATIN MODEL FOR VEHICULAR TRAFFIC FLOW

(2016)
Otp + Ox (pv (/XXM p(t, y)wn(y — X)dy>) =0.

o THE FrIEDRICH-KOLB-GOTTLICH MODEL FOR VEHICULAR
TRAFFIC FLOW (2018)

Otp + Ox (g(p)(wn * v(p))) = 0.

1[Colombo-Garavello-Mercier,2012],[Colombo-Herty-Mercier, 2011]
2[Sopasakis—KatsouIakis, SIAM J. APPL. Math., 2006]
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Non-local models

A scalar traffic flow model with non-local velocity

A MODEL WITH NON-LOCAL VELOCITY3

Traffic model with downstream non-local velocity

Fep(t, x) + Ox (f(p(t, X))V (¢, x)) = 0

where .
x+n
V(t,x)=v (/ p(t, y)wn(y — x) dy>, n>0
f € CL(I;RY), | =[a, b] CRT,
(H) VvE C2(I;RY) s.t. v/ <0,

wy € CH([0,n;RT) s.t.  w), <0and [ wy(x)dx = Jo, V1 > O,nILmoown(O) =0.

o traffic model: F(p,p*w) = pV(p*w),
[BLANDIN-GOATIN, NUMERISCHE MATHEMATIK, 2016]
o Arrhenius look-ahead dynamics: F(p, pw) = p(1 — p)e—(P*)

[Sopasakis-Karsourakis, STAM 2006] [Kurcanov-Potizzi, NHM 2009] [Li-Li, NHM
2011]

3[Chiarello-Goatin, ESAIM M2AN 2018]
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Non-local models
A scalar traffic flow model with non-local velocity

FINITE ACCELERATION

The model avoids the infinite acceleration drawback of classical macroscopic models:

x(t) = V(t, x(t)), t>0
= 2(t) = Ve(t, x(t)) + V(t, x(t)) Vi(t, x(t)), t>0

If p(t,-) € LLNL>, we have

IVelloo = 20n (0)][¥llog [[V/{| oo 1 Fllw
Vil = 2w (Q)[|V'| , llPlloo
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Non-local models
A scalar traffic flow model with non-local velocity
Well-posedness

WELL-POSEDNESS

Theorem

[Blandin-Goatin, NumMath 2016; Goatin-Scialanga, NHM 2016; Chiarello-Goatin, ESAIM
M2AN 2018]

Let po € BV(R; /). Then the Cauchy problem

Otp+ 0« (F(p)V(t,x)) =0 x€R,t>0
p(0,x) = po(x) x €R

admits a unique weak entropy solution (p” € L' 0L N BV), such that

mﬂqin{po} < p(t,x) < mﬂgx{po} forae. xeR, t>0
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Non-local models
A scalar traffic flow model with non-local velocity

Limit model and numerical tests

ALmIT 2 +oo

Otp + Ox (Pv(p*wn)) =0 — Oip+0xp=0
.8 if —0. -0.1
We consider v(p) =1 — p and po(x) = 3 8 Iothe(:vfisi x< -0

density at time t=0.500400

density at time t=0.500400
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4[CHiareLLo-GoatiN, ESAIM M2AN 2018]
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Non-local models
A multi-class traffic flow model with non-local velocity

A MULTI-CLASS MODEL WITH NON-LOCAL VELOCITY>

Multi-class traffic model with downstream non-local velo

9epi(t,x) + Ox (pi(t, x)vi((r *wi)(t,x))) =0,  i=1,..,M,

where

M
r(t,x) =Y pilt,x),  vi€) = V()

i=1
X+n;
(rew(e) = [ r(eyily = x)dy,
w;i € C1([0,7,]; RT), w) <0, [ wily)dy = J;.

(H) Wo := i:rir\é?(Mw,-(O). O <y S <L v
¥ : RT — RT smooth ¢’ <0s.t. 9(0) =1 and 9(r) =0 for r > 1.

5 [CHiareLLO-GoaTIN, 2019, NHM)]
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Non-local models
A multi-class traffic flow model with non-local velocity

A MULTI-CLASS MODEL WITH NON-LOCAL VELOCITY>

raffic model with downstream non-local vel

9epi(t,x) + Ox (pi(t, x)vi((r *wi)(t,x))) =0,  i=1,..,M,

where

M
r(t,x) =Y pilt,x),  vi€) = V()

i=1
X+n;
(rew(e) = [ r(eyily = x)dy,
w;i € C1([0,7,]; RT), w) <0, [ wily)dy = J;.

(H) Wo := i:rir\é?(Mw,-(O). O <y S <L v
¥ : RT — RT smooth ¢’ <0s.t. 9(0) =1 and 9(r) =0 for r > 1.

@ Local multi-class model: BenzonI-CorLoMBO, EUROPEAN J. APPL. MATH., 2003

5 [CHiareLLO-GoaTIN, 2019, NHM)]
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Non-local models
A multi-class traffic flow model with non-local velocity
Existence of weak solutions

EXISTENCE OF WEAK SOLUTIONS LOCALLY IN TIME®

Theorem

Let p2(x) € (BVNL*>®) (R;RT), fori =1,..., M, and assumptions (H) hold. Then
the Cauchy problem

Brpi(t,%) + 0x (it Wil(r +w)(£,30) =0, P =1, M,
pi(0,%) = p2(x).

admits a weak solution on [0, T[ XR, for some T > 0 sufficiently small.

Proof.

Helly's theorem + Lax-Wendroff type argument.

8[CHiareLLO-GoaTIN, 2019, NHM)]
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Non-local models

A multi-class traffic flow model with non-local velocity

Existence of weak solutions

Unlike the classical multi-population model” , the simplex
M
S:={pecRM: Zp,-gl, pi>0fori=1,....M
i=1
is not an invariant domain for the non-local multi-class model.

densities at time t=1.800000

Initial density

Es

7[BENZONI—COLOMBO7 EUROPEAN
F.A. Chi

AppL. MatH, 2003]
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Non-local models
A multi-class traffic flow model with non-local velocity

Existence of weak solutions

CARS AND TRUCKS MIXED TRAFFIC8

dep1(t, x) + Ox (pr(t, )" Y((r * w1)(t,x))) = 0,
dep2(t, x) + Ox (p2(t, x)va">p((r * w2)(t,x))) = 0,
with
2 X
wi(x) = 7771 (1 - 771) s n = 0.3,
2 X
wa(x) = . (1 - 772) ) n2 = 0.1,
w(g):max{lfgvo}v 520»

v =10.8, vy =1.3.

p1(0,x) = 0.5x[_1.1,~1.6]s trucks
p2(0,x) = 0.5x[_1.6,—1.9]; cars

8 CHIARELLO-GOATIN, 2019, NHM]
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Non-local models
A multi-class traffic flow model with non-local velocity
Numerical tests mixed traffic

CARS AND TRUCKS MIXED T

densities at time t=0.000692

densities at time t=0.554538
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Ficure: Density profiles of cars and trucks at increasing times corresponding to the non-local

model.
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Non-local models

A multi-class traffic flow model with non-local velocity
Numerical tests

ixed tra

CARS AND TRUCKS MI?

Ficure: Density profiles of cars and trucks at increasing times corresponding to the non-local

model.
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Thanks for your attention!
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