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Non-normal dynamics and the efficient
iINnformation propagation in linear
Nnetworks
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Motor cortex dynamics: from

A N
d

Al B\ \.,' N \' ’& '\_‘4‘\.

W N  experiments to dynamical models

[Churchland et al., Nature (2012)]

]
N ]
T 1
| .
single neuron rates :
—
] ]
200 ms |
]
]
1
: ¢ .
1  Mmovement ! movement | movement
' i i
i preparation ! generation ! done
| [ | |

The signal generated is characterized by a “rich” transient and
by asymptotic stability target




Wik Introduction to neuronal networks

Peter Dayan and L.F. Abbott THEORETICAL NEUROSCIENCE
“Theoretical Neuroscience: R
Computational and Mathematical Modeling of Neural Systems
Modeling of Neural Systems” The
MIT Press, 2001

This is based on a linearized model
of the interaction dynamics between
neurons

The signals are the spiking rates

Peter Dayan and L. E Abbott
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GRS model for information transmission

The question is how populations of neurons produce large amplitude
transient signals for information transmission and storage.

In various papers it is emphasized the role the system non-normality
for the generation of the “best” signals.

1.S. Ganguli, D. Huh, and H. Sompolinsky “Memory traces in dynamical systems.” Proceedings of the
National Academy of Sciences, vol. 105.48, pp. 18970-18975, 2008.S.

2.Ganguli, and P. Latham, “Feedforward to the Past: The Relation between Neuronal Connectivity,
Amplification, and Short-Term Memory”, Neuron, Vol. 41, pp. 499-501, 2009.

3.M. S. Goldman, “Memory without Feedback in a Neural Network”, Neuron, Vol. 61, pp. 621-634, 2009.

4.G. Hennequin, T. P. Vogels, and W. Gerstner, “Non-normal amplification in random balanced neuronal
networks”, Physical Review E, Vol. 86, pp. 011909, 2012.

5.G. Hennequin, et al. “Optimal control of transient dynamics in balanced networks supports generation of
complex movements.” Neuron, 82.6 (2014): 1394-1406.

The key point is to have large transients while keeping the
dynamics stable




N

FNuEA model for information transmission

Problems:

1. Propose a consistent model for understanding why non-
normality plays a role in making information transmission more

efficient.

2. Quantify the information transmission efficiency.

3. Verify whether the model complexity influences information
transmission efficiency.
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Sl Generation of “rich” signals
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It is important to produce transients that have high energy initially and then
converge to zero fast

ATANA

Y V)




EUNIN Channel capacity
Channel model: conditional probability
Z|Y Y Z
p(Z]Y) > channel >

Shannon channel capacity

C =maxI(Y;Z) =maxh(Z)— h(Z|Y)
p(Y) p(Y)

where I(-) is the mutual information and A(-) is the differential
entropy
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“lii  Continuous time channels
B/ =

n(t)
ac A Encoder y(t) Demodulator ac A
> + @ > + >
Modulator Decoder
0 T 0 T

The capacity depends on the signal to noise ratio SNR










Modulation by a system transient

Encoder +
Modulator
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Modulation by a system transient
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Encoder +

O

2

is the noise power

Modulator
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N\ \ w Modulation by a system transient

o2 i

Yo Y1

is the noise power

Y—1 Yo Y1

| | >t

SNR = P/o?
signal to noise ratio
u(t) = ud (1)
luo|| < P
ad—1 ap ai SRR

Pttt

AN Encoder +
Modulator
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Encoder +

Modulator

14



228 R
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SN Inter-symiDol interterence

 yo(t) = Ce Buy

N /\ i
N A~
VAR A

UL

0 r




SR Inter-symbol interference
:" Y \\.. '\ \-.!; *.‘ W »\\‘. ' ;..:;

y_1(t) = CeMt=T)Bu_;  yo(t) = Ce't Bug |

T 0 T

Inter-symbol interference: The signal transmitted at time -T,
-2T, -31T, ... interfere with the signal transmitted at time 0 and
acts as an additional noise.
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\\\ ) Expression of the capacity -

_— -_— —_— T‘ﬂ
1 det (021 + OW) h
Ry = max logs
2T £>0,tre<P det (621 + O(W — BZBT))jh
where

T
o;:/ et O ettt dt
0

denotes the |0, T']-observability Gramian of the pair (A, C') and

W= e BupTed M
k=0

denotes the discrete-time controllability Gramian of the pair (e4”, BX1/2).
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AN \\\ = EXxpression of the Capamty

ji \\).<l

_— -_— —_— T‘ﬂ
1 det (021 + OW) h
Ry = max logs
2T £>0,tre<P det (621 + O(W — BZBT))jh
where

T
o;:/ et O ettt dt
0

denotes the |0, T']-observability Gramian of the pair (A, C') and

W= e BupTed M
k=0

denotes the discrete-time controllability Gramian of the pair (e4”, BX1/2).

e

R ax ;= max Rt

T>0
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2 Expression of the capacity

b\

‘ ?‘ \ \ \'} a ‘.4\1-‘r—-~.

e e —— e — — e e S ———— e —— E— e R T‘ﬂ

ol 1 det (021 + OW)
T = 9T sx0,um<p 02 det (021 + O(W — BEB 1))’

— e - S e — S _?:J

e

T
o;:/ et O ettt dt
0

denotes the |0, T']-observability Gramian of the pair (A, C') and

W= e BupTed M
k=0

denotes the discrete-time controllability Gramian of the pair (e4”, BX1/2).

e

R ax ;= max Rt
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A matrix is normal iff AALT = AT A

Matrix non-normality

LLOYD N. TREFETHEN
MARK EMBREE

SPECTRA

AND

PSEUDOSPECTRA

The Behavior of Nonnormal

Matrices and Operators
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1 an e cmallor i ]

For normal networks Rt is decreasing in 1" and so the smaller is |
T" the better the performance we obtain.

_ - _ _ 1
Corollary
If V), = Vour = V and A € R™*™ is a normal and stable matrix,
then
1 —tr(A) SNR

Fomax = I%l% for = Fo = In2 SNR — 2tr(A)

21



AR The normal case

1 an e cmallor i ]

For normal networks Rt is decreasing in 1" and so the smaller is |
T" the better the performance we obtain.

e — ———————— E— = J

Corollary
If V), = Vour = V and A € R™*™ is a normal and stable matrix,
then

1 —{tr(A)SNR
Fomax = I%l% for = Fo = In2 SNR — 2tr(A)
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Example

0
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—0.5-

O J
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0500 0

=5, =1
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Re(\)

0.8 -
0.6 °
0.4 -

0.2 -
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Matrix non-normality

[l (2)]]

time
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Matrix non-normality

-q

Non-normality has two important features:

|. The eigenvalues of a highly non-normal matrix A are very sensitive to
matrix entries variations.

2. The exponential

eAt

of a stable highly non-normal matrix A is large for small t and then decays

to zero according to the spectral abscissa a/(A).
X

K \NZ \ s \NZ :
N\ PaN N
/\ !

) UV yvr e
dominant eigenvalue 5

non-normality X a(A)
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Example

0

0.5 ;

Im()\)

—0.5-

O J

—0

0500 0

=5, =1

8 -6 -4 -2 0
Re(\)

0.8 -
0.6 °
0.4 -

0.2 -

0 0.5 1 1.5
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Wi Example: Non normal matrix

T .

—5
Qa0 0

0\_/0\_/0\_/.‘\_/

1 Blay 3 n
n=10, 02 =1, P=1

| 1.25

1_

Im(\)

—0.5-

8 -6 —4 -2 0
Re(\)

0.75 -
0.5 -

0.25 -
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) Example: Non normal matrix

—5
Qa0 0

e L 0\_/...‘\_/

1 Bl 3 n

n=10, 02 =1, P=1

Im(\)
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Line network: varying anysotropy
strength

—9
Qﬁ&'QAQ/\ /\.Q

. varying o |

101 B __:. _____ D A "_:" ''''' t-:-—-w-—-—.
107" - e
.
&
X 10-3 -
10-5 _
,0_6 10_3 N 100 1023 106
o)
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) «4\ Line network: varying chain length

—90
020 0 0

1 B/a o 3 n

1076

1073 100
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,._
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w\\\x\ 2 Limit behaviors in the noise

F

If the noise variance o2 — 0, then

[rt__l—_—]

Runax = — 7 tr(A))

e —— e ___?:J

In general

31



where
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where

~ I

1076 1073 100 103 106
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ATl R Matrix non-normality
Let
. ’ tral
a(A) max{Re[\;] : \; eigenva uesAo A}T Daciasn
w(A) = max{\;: \; eigenvalues of —|—2 }
X
For normal matrices L
w(A) = a(A) ®
For non-normal matrices we may have - A@;
X !
w(A) > a(A) SN

Hence it may happen that w(A) > 0 also for stable matrices.
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220 GERNOD

A\ \\ ) Phase transition

H\\

Theorem
Let A € R™*" be a stable matrix so that a(A) < 0.

If w(A) <0, then
((A,B,C) <

If wW(A) >0and B=C =1, then

(A, B,C) > 1

35



Line network

1 Blay 3 n
| | TTTT | |
* *= —#— alpha=2.25
—k— alpha=2.5
1L alpha=2.75
10 —*— EIpREE3 ]
—k— alpha=3.25
10° F
|0-1 -
102 & .
|0-3 -
0% & N
I I I I Ll ..I\
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\ Line network

N

N

\

—k—— alpha=2.25
—F— alpha=2.5
alpha=2.75
—*— alpha=3
——Fk— alpha=3.25




Line network

—k—— alpha=2.25
—F— alpha=2.5
alpha=2.75
—*— alpha=3
——Fk— alpha=3.25

1072

10° 10°




Line network

02200 varying o

: — delta=6 ]
_ — delta=5 7
o E_ delta=3 E

1074 = _E

107 3 _E




Line network

— delta=6
— delta=5
_delta=3

107

1072

10°

102

104

10°
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Line network
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For small noise
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For small noise

grows in o

L4



For small noise

For large noise

w(A) ~ -0+ «

gTOWS in 0

>w(A)>Oiffa>5
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For small noise

For large noise

w(A) ~ -0+ «

(A, B,C) >

gTOWS in 0

>w(A)>Oiffa>5

1 Q\ 2n—2
T 4(2n —1)y/m(n—1) (5)
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For small noise

For large noise

w(A) ~ -0+ «

(A, B,C) >

gTOWS in 0

>w(A) >0iff a >4
1 N

T 4(2n —1)y/m(n—1) (5) -
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For small noise

For large noise

w(A) ~ -0+ «

(A, B,C) >

gTOWS in 0

>w(A)>Oiffa>5

1
~4(2n —1)y/7(n — 1)

=% decreases in 0

48



,\\' \\ Generatmg non-normal networks

The simplest way to generate highly non-normal matrices is by
increasing matrix variability. Let

maX(z‘,j)es{\Az‘j \}
ming; jyeet|4ijl}

H(A) =

PROBLEM: How to increase ¢ while keeping the variability H(A)
bounded.

49



\\;' \\ Generatmg non-normal networks

"\\)."

Let A € R"*™ and D = diag{dy,ds,...,d,} and consider DAD ™!

[DAD™];; =

d;

A
d;~ "

In the sinple input single output case, if B = e and C = el then

_ d?
aDADiwzzgaA)

H(DAD™!

) < max <

Large global

= variability
/f"""""':‘} Small local
2 variability
J
o) > H(A)

(i,7)€E

50



-‘.\;' \\ Generatmg non-normal networks

H\\

5
020 0 0

L L .\/....\/

1 Bl 3 n

In the line example with B = e¢; and C = el
obtain

{(DAD™Y) > o2~ Dy A)
H(DAD™) < aH(A)

taking d; = o' we

Global variability

Local variability

51



Layering

A,

_ - - o
-

--—

- - o
-

-
-
-

_-——

Set d; =a” fori € S, and A := DAD™!
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For every edge (7,7) € £
1. if 72,7 € &y, then Aij — Aij§
2. if i € Sp_1 and j € Sy, then A;;

3. 1t7€ 8y, and 5 € 55,1, then Aij

1 .
aAz’ja

OéAZ'j.
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For every edge (i,7) € £
1. if 7,7 € &3, then flij = A;j;
2. if 1€ 85,1 and 57 € Sy, then fL,;j — éAij;

3.1t € Gy andj ~ Sh—l, then ./Zlq;j — OéAij.

Then
H(A) < o*H(A)

while

0(A) > a*(A)

where d is the number of layers in the layering.

54



;-\*\

\m\\ <) Conclusions

1. We proposed a model to quantify the information transmission
performance in linear dynamic networks.

2. By introducing the inter-symbol interference, we could highlight the
role of non-normality of the dynamics.

3. General non-normal dynamics is hard to study.
4. Low and high noise regimes are more treatable.

5. In the low regime it is convenient to have large trace(A) while non-
normality does not play any role.

6. In the high noise regime non-normality plays an important role.

/. In general it is not clear how to build highly non-normal networks. We
proposed a method based on the network layering.
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Thank you

56



WG eI
ARl Matrix non-normality
PR R =
A ¢ RNVxN
normal matrices non-normal matrices
AAT = ATA AA' £ A'A
U unitary, D diagonal U unitary, T triangular
(spectral decomposition) (Schur decomposition)
N\ _ \ _
A * A
D = ; T = °
* k.
i )\/\/_ R * * )\/\/_
o(A) = Y, T=D+N
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AR Modulation by a system transient

cny |
"\\3." ?

At time ¢ = 0 with a symbol a € A we associate an impulsive

input
u(t) = ugd(t) with [|ug|| < P n

| i > | I 1 1 1
T : : Y l i
]i/}qc((i)dler -+ >C) > —1 0 T
odulator _
5 Y (t) = CeAlt kT)B’LLk

.
------------------------------------------------




SN Modulation by a system transient

At time ¢ = 0 with a symbol a € A we associate an impulsive

input
u(t) = ugd(t) with [|ug|| < P n

r(t) = Ax U
(= A0 T B o i,

w% 0% is the noise power

T : Encoder +
Modulator

.
------------------------------------------------
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G NI\

“\_‘\’\' \\. g Modulation by a system transient

H\\

At time ¢ = 0 with a symbol a € A we associate an impulsive

input
u(t) = ugd(t) with [|ug|| < P n

r(t) = Ax U
(= A0 T B o i,

w% 0% is the noise power

T : Encoder +
Modulator

SNR = P/o?
signal to noise ratio

.
------------------------------------------------
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At time t = 0 with a symbol a € A we associate an impulsive

input
veA u(t) = ugd(t) with ||ug|| < P "
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Al Example
‘\ \\\.},\ = Aot } :2
—0 o 0 ER
0 -0 « 0
A — B=|:|,Cc=[0 0 0 1],
—0 « 8
_ (- -

ey ErOWS in 0

Notice moreover that w(A) ~ —d + a and so o > § guarantees
that w(A) > 0.

(A, B,C) >
( )2 4(2n — 1)y/m(n — 1)

> decreases in ¢
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AU Stratification
) 'y - : ll\‘- "' ‘

Set dj, = o for i € Sj,. Then, for every edge (i, 7) € &:
1. if 4,5 € Sy, then A;; = A;j;
2. if1 € 5,1 and 5 € Sy, then f_l?;j = %Aij;
3. 1€ 8, and 57 €€ 55,1, then flij = aA;;.

Then
H(A) < a*H(A)

while

0(A) > o*U(A)

where d is the number of layers in the stratification.
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‘F-\\ \\ * Generatmg non-normal networks

\u MY

A € R"™"™ and D = diag{d;,ds,...,d,}

d;

DAD ' = =

d2

((DAD™,B,C) > ,Jhax d2€(A e;, e )

PROBLEM: How to grow ¢ while keeping the variability in A
bounded
maX(i,j)eé’{‘Aiﬂ}

H(A) i = —
A = i e Ay
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Generatmg non-normal networks:
D an example

H(A) = max;{e; } H(A)

o(A) = (H ) (4)

1=1

The best choice of ¢; is to take ¢;, = € for all ¢

((A) = "20(A), H(A) = eH(A)
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