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[Churchland et al, Nature (2012); Hennequin et al, Neuron (2014)]

(Experimental Procedures). For a given movement, the corre-
sponding command pool becomes progressively more active
during the 1-s-long delay period (Amit and Brunel, 1997;
Wang, 1999). Remarkably, this simple input drives the SOC
into a stable steady state (Figure 4B). By adjusting the move-
ment-specific input weights, we canmanipulate this steady state
and force the network into a specific spatial arrangement of ac-
tivity. This is not possible in generic chaotic networks in which
external inputs are overwhelmed by a strong and uncontrolled
recurrent activity. We chose the input weights such that, by the
end of the delay period, the network arrives at a state that is
one of 27 different linear combinations of a1 and a2, i.e., the
two orthogonal activity states that evoke the strongest collective
responses. The go cue quickly silences the command pool, leav-
ing the network free to depart from its preparatory state and to
engage in transient amplification. The resulting recurrent dy-
namics produce strong, multiphasic, andmovement-specific re-
sponses in single units (Figure 4B), qualitatively similar to the
data.

In the data of Churchland et al. (2012), the complexity of the
single-neuron multiphasic responses was in fact hiding orderly
rotational dynamics on the population level. A plane of projection
could be found in which the vector of population firing activity

[Dr(t) in our model] would start rotating after the go cue, and
consistently rotate in the same direction for all movements (Fig-
ure 4C). Our model, analyzed with the same dynamical variant
of principal component analysis (jPCA, Churchland et al.,
2012; Experimental Procedures) displays the same phenomenon
(Figure 4D).

SOCs Can Generate Complex Movements
The complicated, multiphasic nature of the firing rate transients
in SOCs suggests the possibility of reading out equally complex
patterns of muscle activity. We illustrate this idea in a task in
which the joint activation of two muscles must produce one of
two target movements (‘‘snake’’ or ‘‘butterfly’’ in Figure 5), within
500 ms following the go cue. Similarly to Figure 4, the prepara-
tory input for the ‘‘snake’’ (respectively ‘‘butterfly’’) movement
is chosen such that, by the arrival of the go cue, the network
activity matches the network’s preferred initial condition a1
(respectively a2). Two readout units (‘‘muscles’’) compute a
weighted sum of all neuronal activities in the network that we
take to directly reflect the horizontal and vertical coordinates of
the movement. Simple least-squares regression learning of the
output weights (Experimental Procedures) can map the activity
following each command onto the correct trajectory (compare
the five test trials in Figure 5A).
We conclude that the SOC’s single-neuron responses form a

set of basis functions that is rich enough to allow readout of
nontrivial movements. This is not possible in untuned, chaotic
balanced networks without exquisite feedback loops or super-
vised learning of lateral connections (Sussillo and Abbott,
2009; Laje and Buonomano, 2013; Hoerzer et al., 2014) because
of the high sensitivity to noise. Furthermore, in balanced net-
works with weak connections, each neuron’s activity decays
exponentially: this redundancy prevents the network to robustly
learn the snake and butterfly trajectories (Figure 5B).

Interaction between Excitation and Inhibition in SOCs
To understand the mechanism by which SOCs amplify their
preferred inputs, we dissociated the excitatory (cE) and inhibitory
(cI) synaptic inputs each unit received from other units in the
network in the absence of specific external stimulation [S(t) =
0]. We quantified the excitation/inhibition balance by rEI(t), the
momentary Pearson correlation coefficient between cE and cI
across the network population. The preferred initial states of
the SOC momentarily produce substantially negative excita-
tion/inhibition input correlations (Figure 6A), indicating an
averagemismatch between excitatory and inhibitory inputs. Bal-
ance is then quickly restored by internal network dynamics, with
rEI(t) reaching!0.8 at the peak of the transient triggered by initial
condition a1. The effect subsists, although progressively attenu-
ated, for roughly the first 100 preferred initial states (a1, a2, ...,
a100), which are also the initial states that trigger amplified
responses.
Notably, the patterns of neuronal activity after 100ms of recur-

rent processing have a larger amplitude than—but bear little
spatial resemblance to—the initial condition. This is reflected
by a rapid decay (within 100 ms) of the correlation coefficient
between the momentary network activity and the initial state
(Figure 6B, black). However, considering the excitatory and
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Figure 4. SOCs Agree with Experimental Data
(A) Experimental data, adapted with permission from Churchland et al. (2012).

Each trace denotes the trial-averaged firing rate of a single cell (two sample

cells are shown here) during a delayed reaching task. Each trace corresponds

to one of 27 different movements. Vertical scale bars denote 20 spikes/s. The

go cue is not explicitly marked here, but it occurs about 200 ms before

movement onset.

(B) Time-varying firing rates of two neurons in the SOC, for 27 ‘‘conditions,’’

each characterized by a different collective steady state of preparatory activity

(see text).

(C) Experimental data adapted from Churchland et al. (2012), showing the

first 200 ms of movement-related population activity projected onto the top

jPC plane. Each trajectory corresponds to one of the 27 conditions mentioned

in (A).

(D) Same analysis as in (C), for the SOC.

Neuron

Rich Transients in Stability-Optimized Circuits
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⌧
dx

dt

= �x +Wg [x(t)] + command

The signal generated is characterized by a “rich” transient and 
by asymptotic stability target


go cue

[Churchland et al., Nature (2012)]
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Peter Dayan and L.F. Abbott 
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Modeling of Neural Systems” The 
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This is based on a linearized model 
of the interaction dynamics between 
neurons


The signals are the spiking rates
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The question is how populations of neurons produce large amplitude 
transient signals for information transmission and storage.


In various papers it is emphasized the role the system non-normality 
for the generation of the “best” signals.


1.S. Ganguli, D. Huh, and H. Sompolinsky “Memory traces in dynamical systems.” Proceedings of the 
National Academy of Sciences, vol. 105.48, pp. 18970-18975, 2008.S. 


2.Ganguli, and P. Latham, “Feedforward to the Past: The Relation between Neuronal Connectivity, 
Amplification, and Short-Term Memory”, Neuron, Vol. 41, pp. 499-501, 2009.


3.M. S. Goldman, “Memory without Feedback in a Neural Network”, Neuron, Vol. 61, pp. 621–634, 2009.

4.G. Hennequin, T. P. Vogels, and W. Gerstner, “Non-normal amplification in random balanced neuronal 

networks”, Physical Review E, Vol. 86, pp. 011909, 2012.

5.G. Hennequin, et al. “Optimal control of transient dynamics in balanced networks supports generation of 

complex movements.” Neuron, 82.6 (2014): 1394-1406.


The key point is to have large transients while keeping the 
dynamics stable

A model for information transmission
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Problems:


1. Propose a consistent model for understanding why non-
normality plays a role in making information transmission more 
efficient.


2. Quantify the information transmission efficiency.


3. Verify whether the model complexity influences information 
transmission efficiency.

A model for information transmission
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It is important to produce transients that have high energy initially and then 
converge to zero fast

Generation of “rich” signals



7

Channel capacity 

channel
ZY

Channel model: conditional probability

p(Z|Y )

Shannon channel capacity

C = max

p(Y )
I(Y ;Z) = max

p(Y )
h(Z)� h(Z|Y )

where I(·) is the mutual information and h(·) is the di↵erential

entropy
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0 T T0

Continuous time channels

Encoder
+

Modulator

Demodulator
+

Decoder
+

The capacity depends on the signal to noise ratio SNR
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ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)

Modulation by a system transient 
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Modulation by a system transient 

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)
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Modulation by a system transient 
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Modulation by a system transient 
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ỹ0

|
ỹ1
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Modulation by a system transient 
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SNR = P/�2

signal to noise ratio
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Modulation by a system transient 
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Inter-symbol interference 

0 T
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Inter-symbol interference: The signal transmitted at time -T, 
-2T, -3T, ... interfere with the signal transmitted at time 0 and 
acts as an additional noise.

Inter-symbol interference 

0 T-T

y�1(t) = CeA(t�T )Bu�1
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Expression of the capacity

where

O :=

Z T

0
eA

>tC>CeAt dt

denotes the [0, T ]-observability Gramian of the pair (A,C) and

W :=

1X

k=0

eAkTB⌃B>eA
>kT

denotes the discrete-time controllability Gramian of the pair (eAT , B⌃

1/2
).

RT =

1

2T
max

⌃�0,tr⌃P
log2

det

�
�2I +OW

�

det (�2I +O(W �B⌃B>
))

,
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Expression of the capacity

R
max

:= max

T�0

RT
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Expression of the capacity

R
max

:= max

T�0

RT
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Depends on SNR = P/�2
<latexit sha1_base64="AiZrsUgL40D+Y6NIlLtB1wKUbjE=">AAAB03icZY/LTsJAGIX/4g3xQtWlC4tA4grbanRFQqILVwYvBRKLZDr9gQmdtukMKiFsjC59BJ/ArT6Mb2PBxgicZJIz3zmTzHFCjwmp699KamFxaXklvZpZW9/YzKpb2zUR9COKFg28IGo4RKDHfLQkkx42wggJdzysO72zcV5/wEiwwL+VgxCbnHR81maUyBi11L1zDNF3hRb4WuHGzl3auety9dAWrMPJvVloqXm9pE+kzRsjMXlIVG2p77Yb0D5HX1KPCHF3EsrmkESSUQ9HGVvik3xkruyWDZ3yTPEfOI7vdl9gSGiPdHA4WTfSijFytXYQxceX2oRO9QgXYsCduMmJ7IrZbAz/sniPMfv7eVMzS8ZRybwy8xUzWZaGXdiHAzDgFCpwAVWwgMIrfMAnfCmWMlSelZffakpJ3uzAlJS3H5/dgSM=</latexit>
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Matrix non-normality

A matrix is normal i↵ AAT
= ATA

<latexit sha1_base64="pi/X35aa3SgOUwLmp0nYo2zuCvo=">AAAB13icZU/LTgJBEOz1ifhCPXqZCCSeyO5q9ETCxotHTHgZQTI7zMKEmd3NzKAQQrwZPfoBfoNX/RT/xgE3RqCSTqqrqpMuP+ZMadv+tlZW19Y3NlNb6e2d3b39zMFhTUUDSWiVRDySDR8ryllIq5ppThuxpFj4nNb9/tXUrz9QqVgUVvQopi2BuyELGMHaSO1M1kMCa8mGiCkURlJgjlgQoJzn3VeKZpCXMym7YM+AlomTkCwkKLcz781ORAaChppwrNTdRaxbYyw1I5xO0k1Nh/qRdXSv6NhEpPP/hHOzNweKxpj0cZeOZw0nKG+kDgoiaSbUaKbO5bBQaiR8kzR1emrRm4p/nunjLH6/TGpuwTkruDdutuQmzVJwDCdwCg5cQgmuoQxVIPAKH/AJX9at9WQ9Wy+/0RUruTmCOVhvPx5Zgpo=</latexit>
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The normal case 

For normal networks RT is decreasing in T and so the smaller is

T the better the performance we obtain.

Corollary

If V
in

= V
out

= V and A 2 Rn⇥n

is a normal and stable matrix,

then

R
max

:= max

T�0

R
T

= R
0

=

1

ln 2

�tr(A)SNR

SNR� 2tr(A)

.
<latexit sha1_base64="oeZOnb6CXf4eQgX6BDPGIoY3wRI="></latexit>
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The normal case 

For normal networks RT is decreasing in T and so the smaller is

T the better the performance we obtain.

Corollary

If V
in

= V
out

= V and A 2 Rn⇥n

is a normal and stable matrix,

then

R
max

:= max

T�0

R
T

= R
0

=

1

ln 2

�tr(A)SNR

SNR� 2tr(A)

.
<latexit sha1_base64="oeZOnb6CXf4eQgX6BDPGIoY3wRI="></latexit>
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Example: chain network
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

n
<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

n = 10, �2 = 1, P = 1
<latexit sha1_base64="Wf3VeOEjauBfNbJfcBzxwi8m3uI=">AAABzXicZU/LSgMxFL2pr1pfo67EzWBbcCFlMoquCgU37qxgH+DUkknTNjSZGSYZtdTq0q9w6Va/x78xrYPY9sCFc885Iff4keBKO843yiwtr6yuZddzG5tb2zvW7l5dhUlMWY2GIoybPlFM8IDVNNeCNaOYEekL1vAHlxO/8cBixcPgVg8j1pKkF/Aup0QbqW0dFIIydk4821O8J8m9W8ZmqZZxoW3lnZIzhb1IcErykKLatt69TkgTyQJNBVHq7jzSrRGJNaeCjXOeZk/6kXd033xIZa74Tzgzu5coFhE6ID02mvYa20UjdexuGJsJtD1VZ3JEKjWUvklKovtq3puIf57pg+evXyR1t4RPS+6Nm6+4abMsHMIRHAOGC6jAFVShBhRe4QM+4QtdowQ9o5ffaAalb/ZhBujtB5A9feY=</latexit>

�
<latexit sha1_base64="L0QDg8UBivWfzwb50Rpp08Pz0yw=">AAABuXicZY9dSwJBGIXfsS+zr60uu1lSoSvZXaMuIhC66dIgP6AVmR1fdXJmd9l5rUT8Ed0W/bD+TastkXpg4MxzzsCcIFbSkON8s9zG5tb2Tn63sLd/cHhkHZ80TTROBDZEpKKkHXCDSobYIEkK23GCXAcKW8Hobp63XjAxMgofaRJjR/NBKPtScEpRq+QHSLzUtYpOxVnIXjduZoqQqd61vvxeJMYaQxKKG/N0FVNnyhOSQuGs4BO+0avs0fDWdYQulP+By/Tujw3GXIz4AKeLDTO7nKKe3Y+S9IRkL+hSj2tjJjpIm5rT0Kxmc/iXpXvc1d+vm6ZXcasV78Er1rxsWR7O4BwuwIVrqME91KEBAkbwDh/wyW4YZ0P2/FvNsezNKSyJmR9EhXh0</latexit>

�
<latexit sha1_base64="L0QDg8UBivWfzwb50Rpp08Pz0yw=">AAABuXicZY9dSwJBGIXfsS+zr60uu1lSoSvZXaMuIhC66dIgP6AVmR1fdXJmd9l5rUT8Ed0W/bD+TastkXpg4MxzzsCcIFbSkON8s9zG5tb2Tn63sLd/cHhkHZ80TTROBDZEpKKkHXCDSobYIEkK23GCXAcKW8Hobp63XjAxMgofaRJjR/NBKPtScEpRq+QHSLzUtYpOxVnIXjduZoqQqd61vvxeJMYaQxKKG/N0FVNnyhOSQuGs4BO+0avs0fDWdYQulP+By/Tujw3GXIz4AKeLDTO7nKKe3Y+S9IRkL+hSj2tjJjpIm5rT0Kxmc/iXpXvc1d+vm6ZXcasV78Er1rxsWR7O4BwuwIVrqME91KEBAkbwDh/wyW4YZ0P2/FvNsezNKSyJmR9EhXh0</latexit>

� = 5, � = 1
<latexit sha1_base64="v8yahiA3TID5YZrgFXrCKc1gbLk=">AAAByHicdY9LT8JAFIXv4AvxVR87N41A4sKQtiisSEjcGFeYyCOxhEynF5gw0zadQUTCxv9h4lb/kf/GgmjAxJNMcuY75y6OFwmutGV9ktTa+sbmVno7s7O7t39gHB41VDiMGdZZKMK45VGFggdY11wLbEUxUukJbHqD61nefMRY8TC41+MI25L2At7ljOoEdYyTnOuj0LRydeGaroeJs3MdI2sXrLlMa8kUy1apZP5EWVio1jFeXT9kQ4mBZoIq9VCKdHtCY82ZwGnG1fikR9zX/YptMZnJL4HL5O8OFUaUDWgPJ/NJUzOfIN/shnHyAm3O6UqPSqXG0kuakuq++pvN4G+2vOd/03AKdrHg3DnZqrNYloZTOINzsKEMVbiBGtSBwTO8wTt8kFsSkREZf1dTZHFzDCsiL18LuH0s</latexit>

R
max

<latexit sha1_base64="EdwdMtGFIgbFrcntAHev6aza6HE=">AAAByHicZU/LSsNAFL1TXzW+4mPnJtgWXJUkiq6EghtxVcU+wJQwmUzboZlMyExta+jG/xDc6h/5N05rENseuHDmnHOHe4IkYlLZ9jcqrK1vbG4Vt42d3b39A/PwqCnFMCW0QUQk0naAJY1YTBuKqYi2k5RiHkS0FQxuZ37rhaaSifhJTRLa4bgXsy4jWGnJN0+8WLA4pLEyyo9+xvF4WjZ8s2RX7TmsVeLkpAQ56r757oWCDLn+hkRYyuerRHUynCpGIjo1PEXHasRC1b9xbMKNyj/hUr+9oaQJJgPco9m80tSqaCm0uiLVEytrri7kMJdywgOd5Fj15bI3E/883cdZvn6VNN2qc1F1H9xSzc2bFeEUzuAcHLiGGtxBHRpA4BU+4BO+0D1K0AhNfqMFlO8cwwLQ2w8VDn3t</latexit>
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Matrix non-normality
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Matrix non-normality

dominant eigenvalue
non-normality �(A)

Non-normality has two important features:

1. The eigenvalues of a highly non-normal matrix A are very sensitive to
matrix entries variations.

2. The exponential
eAt

of a stable highly non-normal matrix A is large for small t and then decays
to zero according to the spectral abscissa �(A).
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Example: chain network
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

n
<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

n = 10, �2 = 1, P = 1
<latexit sha1_base64="Wf3VeOEjauBfNbJfcBzxwi8m3uI=">AAABzXicZU/LSgMxFL2pr1pfo67EzWBbcCFlMoquCgU37qxgH+DUkknTNjSZGSYZtdTq0q9w6Va/x78xrYPY9sCFc885Iff4keBKO843yiwtr6yuZddzG5tb2zvW7l5dhUlMWY2GIoybPlFM8IDVNNeCNaOYEekL1vAHlxO/8cBixcPgVg8j1pKkF/Aup0QbqW0dFIIydk4821O8J8m9W8ZmqZZxoW3lnZIzhb1IcErykKLatt69TkgTyQJNBVHq7jzSrRGJNaeCjXOeZk/6kXd033xIZa74Tzgzu5coFhE6ID02mvYa20UjdexuGJsJtD1VZ3JEKjWUvklKovtq3puIf57pg+evXyR1t4RPS+6Nm6+4abMsHMIRHAOGC6jAFVShBhRe4QM+4QtdowQ9o5ffaAalb/ZhBujtB5A9feY=</latexit>

�
<latexit sha1_base64="L0QDg8UBivWfzwb50Rpp08Pz0yw=">AAABuXicZY9dSwJBGIXfsS+zr60uu1lSoSvZXaMuIhC66dIgP6AVmR1fdXJmd9l5rUT8Ed0W/bD+TastkXpg4MxzzsCcIFbSkON8s9zG5tb2Tn63sLd/cHhkHZ80TTROBDZEpKKkHXCDSobYIEkK23GCXAcKW8Hobp63XjAxMgofaRJjR/NBKPtScEpRq+QHSLzUtYpOxVnIXjduZoqQqd61vvxeJMYaQxKKG/N0FVNnyhOSQuGs4BO+0avs0fDWdYQulP+By/Tujw3GXIz4AKeLDTO7nKKe3Y+S9IRkL+hSj2tjJjpIm5rT0Kxmc/iXpXvc1d+vm6ZXcasV78Er1rxsWR7O4BwuwIVrqME91KEBAkbwDh/wyW4YZ0P2/FvNsezNKSyJmR9EhXh0</latexit>

�
<latexit sha1_base64="L0QDg8UBivWfzwb50Rpp08Pz0yw=">AAABuXicZY9dSwJBGIXfsS+zr60uu1lSoSvZXaMuIhC66dIgP6AVmR1fdXJmd9l5rUT8Ed0W/bD+TastkXpg4MxzzsCcIFbSkON8s9zG5tb2Tn63sLd/cHhkHZ80TTROBDZEpKKkHXCDSobYIEkK23GCXAcKW8Hobp63XjAxMgofaRJjR/NBKPtScEpRq+QHSLzUtYpOxVnIXjduZoqQqd61vvxeJMYaQxKKG/N0FVNnyhOSQuGs4BO+0avs0fDWdYQulP+By/Tujw3GXIz4AKeLDTO7nKKe3Y+S9IRkL+hSj2tjJjpIm5rT0Kxmc/iXpXvc1d+vm6ZXcasV78Er1rxsWR7O4BwuwIVrqME91KEBAkbwDh/wyW4YZ0P2/FvNsezNKSyJmR9EhXh0</latexit>

� = 5, � = 1
<latexit sha1_base64="v8yahiA3TID5YZrgFXrCKc1gbLk=">AAAByHicdY9LT8JAFIXv4AvxVR87N41A4sKQtiisSEjcGFeYyCOxhEynF5gw0zadQUTCxv9h4lb/kf/GgmjAxJNMcuY75y6OFwmutGV9ktTa+sbmVno7s7O7t39gHB41VDiMGdZZKMK45VGFggdY11wLbEUxUukJbHqD61nefMRY8TC41+MI25L2At7ljOoEdYyTnOuj0LRydeGaroeJs3MdI2sXrLlMa8kUy1apZP5EWVio1jFeXT9kQ4mBZoIq9VCKdHtCY82ZwGnG1fikR9zX/YptMZnJL4HL5O8OFUaUDWgPJ/NJUzOfIN/shnHyAm3O6UqPSqXG0kuakuq++pvN4G+2vOd/03AKdrHg3DnZqrNYloZTOINzsKEMVbiBGtSBwTO8wTt8kFsSkREZf1dTZHFzDCsiL18LuH0s</latexit>

R
max

<latexit sha1_base64="EdwdMtGFIgbFrcntAHev6aza6HE=">AAAByHicZU/LSsNAFL1TXzW+4mPnJtgWXJUkiq6EghtxVcU+wJQwmUzboZlMyExta+jG/xDc6h/5N05rENseuHDmnHOHe4IkYlLZ9jcqrK1vbG4Vt42d3b39A/PwqCnFMCW0QUQk0naAJY1YTBuKqYi2k5RiHkS0FQxuZ37rhaaSifhJTRLa4bgXsy4jWGnJN0+8WLA4pLEyyo9+xvF4WjZ8s2RX7TmsVeLkpAQ56r757oWCDLn+hkRYyuerRHUynCpGIjo1PEXHasRC1b9xbMKNyj/hUr+9oaQJJgPco9m80tSqaCm0uiLVEytrri7kMJdywgOd5Fj15bI3E/883cdZvn6VNN2qc1F1H9xSzc2bFeEUzuAcHLiGGtxBHRpA4BU+4BO+0D1K0AhNfqMFlO8cwwLQ2w8VDn3t</latexit>
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Example: chain network
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Example: Non normal matrix

� = 4, � = 1, ↵ = 5
<latexit sha1_base64="Ra7ezSG9rbo4kvz0HQUmV62hk0k=">AAAB03icdY/NTsJAFIXv4B/iX9WlCxuBxIUhbUVdkZC4cYmJBRNLyHR6gQkzbdMZVELYGF36CD6BW30Y38aCaEDjSSY5851zF8ePBVfasj5IZmFxaXklu5pbW9/Y3DK2d+oq6icMXRaJKLn2qULBQ3Q11wKv4wSp9AU2/N75OG/cYqJ4FF7pQYxNSTshb3NGdYpaxn7BC1BoWikfeabnY+rssaMi7tLKSaFl5O2SNZFp/THfUR6mqrWMFy+IWF9iqJmgSt2cxro5pInmTOAo52m813c80N2KbTGZK86Acvr3+gpjynq0g8PJupFZTFFgtqMkfaE2J3SuR6VSA+mnTUl1V/3OxvAnm93zv6k7Jfu45Fw6+aozXZaFPTiAQ7DhDKpwATVwgcETvMIbvBOXDMkDefyqZsj0ZhfmRJ4/AW0jgP8=</latexit>

Example: chain network

. . .

“

—–

–/—1 2 3 N

“ = ≠4, – = 1, — = 5

0 2 4 6 8
0

0.5
1

1.5
2

2.5
3

T

R
T

≠8 ≠6 ≠4 ≠2 0

0.5

0

≠0.5

Re(⁄)

Im
(⁄

)

“ = ≠4, – = 1, — = 7

N = 10, ‡2
r

= 1, P = 1

��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>

�/↵
<latexit sha1_base64="myp4XuTHiq6Cz5xZPIs78CoeEDo=">AAABwHicZY/LTgIxGIX/4g3xNurSzUQgcYUzo9GVCdGNS0zkkjhIOuWHaWin47SoSHgPNy70rXwbB5wYgZM0Of3OadITxIJr4zjfJLeyura+kd8sbG3v7O5Z+wcNrYYJwzpTQiWtgGoUPMK64UZgK06QykBgMxjcTPPmMyaaq+jejGJsS9qPeI8zalL0WPIDNPTUpyIOaaljFZ2KM5O9bNzMFCFTrWN9+F3FhhIjwwTV+uEiNu0xTQxnAicF3+CreeFdE165DpOF8j9wnt79ocaYsgHt43g2ZWKXU9S1eypJT2TsGZ3rUan1SAZpU1IT6sVsCv+ydI+7+Ptl0/Aq7lnFu/OKVS9blocjOIYTcOESqnALNagDgwTe4RO+yDUJiSJPv9Ucyd4cwpzI2w+6EntL</latexit> n

<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

n = 10, �2 = 1, P = 1
<latexit sha1_base64="Wf3VeOEjauBfNbJfcBzxwi8m3uI=">AAABzXicZU/LSgMxFL2pr1pfo67EzWBbcCFlMoquCgU37qxgH+DUkknTNjSZGSYZtdTq0q9w6Va/x78xrYPY9sCFc885Iff4keBKO843yiwtr6yuZddzG5tb2zvW7l5dhUlMWY2GIoybPlFM8IDVNNeCNaOYEekL1vAHlxO/8cBixcPgVg8j1pKkF/Aup0QbqW0dFIIydk4821O8J8m9W8ZmqZZxoW3lnZIzhb1IcErykKLatt69TkgTyQJNBVHq7jzSrRGJNaeCjXOeZk/6kXd033xIZa74Tzgzu5coFhE6ID02mvYa20UjdexuGJsJtD1VZ3JEKjWUvklKovtq3puIf57pg+evXyR1t4RPS+6Nm6+4abMsHMIRHAOGC6jAFVShBhRe4QM+4QtdowQ9o5ffaAalb/ZhBujtB5A9feY=</latexit>

R
max

<latexit sha1_base64="EdwdMtGFIgbFrcntAHev6aza6HE=">AAAByHicZU/LSsNAFL1TXzW+4mPnJtgWXJUkiq6EghtxVcU+wJQwmUzboZlMyExta+jG/xDc6h/5N05rENseuHDmnHOHe4IkYlLZ9jcqrK1vbG4Vt42d3b39A/PwqCnFMCW0QUQk0naAJY1YTBuKqYi2k5RiHkS0FQxuZ37rhaaSifhJTRLa4bgXsy4jWGnJN0+8WLA4pLEyyo9+xvF4WjZ8s2RX7TmsVeLkpAQ56r757oWCDLn+hkRYyuerRHUynCpGIjo1PEXHasRC1b9xbMKNyj/hUr+9oaQJJgPco9m80tSqaCm0uiLVEytrri7kMJdywgOd5Fj15bI3E/883cdZvn6VNN2qc1F1H9xSzc2bFeEUzuAcHLiGGtxBHRpA4BU+4BO+0D1K0AhNfqMFlO8cwwLQ2w8VDn3t</latexit>
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Example: chain network
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Example: Non normal matrixExample: chain network
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>

�/↵
<latexit sha1_base64="myp4XuTHiq6Cz5xZPIs78CoeEDo=">AAABwHicZY/LTgIxGIX/4g3xNurSzUQgcYUzo9GVCdGNS0zkkjhIOuWHaWin47SoSHgPNy70rXwbB5wYgZM0Of3OadITxIJr4zjfJLeyura+kd8sbG3v7O5Z+wcNrYYJwzpTQiWtgGoUPMK64UZgK06QykBgMxjcTPPmMyaaq+jejGJsS9qPeI8zalL0WPIDNPTUpyIOaaljFZ2KM5O9bNzMFCFTrWN9+F3FhhIjwwTV+uEiNu0xTQxnAicF3+CreeFdE165DpOF8j9wnt79ocaYsgHt43g2ZWKXU9S1eypJT2TsGZ3rUan1SAZpU1IT6sVsCv+ydI+7+Ptl0/Aq7lnFu/OKVS9blocjOIYTcOESqnALNagDgwTe4RO+yDUJiSJPv9Ucyd4cwpzI2w+6EntL</latexit> n

<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

n = 10, �2 = 1, P = 1
<latexit sha1_base64="Wf3VeOEjauBfNbJfcBzxwi8m3uI=">AAABzXicZU/LSgMxFL2pr1pfo67EzWBbcCFlMoquCgU37qxgH+DUkknTNjSZGSYZtdTq0q9w6Va/x78xrYPY9sCFc885Iff4keBKO843yiwtr6yuZddzG5tb2zvW7l5dhUlMWY2GIoybPlFM8IDVNNeCNaOYEekL1vAHlxO/8cBixcPgVg8j1pKkF/Aup0QbqW0dFIIydk4821O8J8m9W8ZmqZZxoW3lnZIzhb1IcErykKLatt69TkgTyQJNBVHq7jzSrRGJNaeCjXOeZk/6kXd033xIZa74Tzgzu5coFhE6ID02mvYa20UjdexuGJsJtD1VZ3JEKjWUvklKovtq3puIf57pg+evXyR1t4RPS+6Nm6+4abMsHMIRHAOGC6jAFVShBhRe4QM+4QtdowQ9o5ffaAalb/ZhBujtB5A9feY=</latexit>

� = 4, � = 1, ↵ = 5
<latexit sha1_base64="Ra7ezSG9rbo4kvz0HQUmV62hk0k=">AAAB03icdY/NTsJAFIXv4B/iX9WlCxuBxIUhbUVdkZC4cYmJBRNLyHR6gQkzbdMZVELYGF36CD6BW30Y38aCaEDjSSY5851zF8ePBVfasj5IZmFxaXklu5pbW9/Y3DK2d+oq6icMXRaJKLn2qULBQ3Q11wKv4wSp9AU2/N75OG/cYqJ4FF7pQYxNSTshb3NGdYpaxn7BC1BoWikfeabnY+rssaMi7tLKSaFl5O2SNZFp/THfUR6mqrWMFy+IWF9iqJmgSt2cxro5pInmTOAo52m813c80N2KbTGZK86Acvr3+gpjynq0g8PJupFZTFFgtqMkfaE2J3SuR6VSA+mnTUl1V/3OxvAnm93zv6k7Jfu45Fw6+aozXZaFPTiAQ7DhDKpwATVwgcETvMIbvBOXDMkDefyqZsj0ZhfmRJ4/AW0jgP8=</latexit>

� = 4, � = 1, ↵ = 7
<latexit sha1_base64="Zg7DuSb4JacVEuoFem7Dt/4jrnE=">AAAB03icZY/dSgJBHMX/a19mX1tddtGSCl2E7G6WeCEI3XRp0KrQiszO/tXB2Q92xkrEm6jLHqEn6LYeprdpNI3MAwNnfucMzPFizoQ0zS8ttbK6tr6R3sxsbe/s7un7B3URDRKKDo14lDQ9IpCzEB3JJMdmnCAJPI4Nr381yRv3mAgWhbdyGGMrIN2QdRglUqG2fpxzfeSSVIpnruF6qJw1cYTHPVIp5dp61iyYUxnKlG27fGFYczI3WZip1tbfXD+igwBDSTkR4u4ylq0RSSSjHMcZV+KjfGC+7FUskwaZ/B9QVHd3IDAmtE+6OJquGxt5hXyjEyXqhNKY0oUeCYQYBp5qBkT2xP9sAn8ztWfp98umbhes84J9Y2er9mxZGo7gBE7BghJU4Rpq4ACFF3iHD/jUHG2kPWnPP9WUNntzCAvSXr8BkSGBHA==</latexit>

R
max

<latexit sha1_base64="EdwdMtGFIgbFrcntAHev6aza6HE=">AAAByHicZU/LSsNAFL1TXzW+4mPnJtgWXJUkiq6EghtxVcU+wJQwmUzboZlMyExta+jG/xDc6h/5N05rENseuHDmnHOHe4IkYlLZ9jcqrK1vbG4Vt42d3b39A/PwqCnFMCW0QUQk0naAJY1YTBuKqYi2k5RiHkS0FQxuZ37rhaaSifhJTRLa4bgXsy4jWGnJN0+8WLA4pLEyyo9+xvF4WjZ8s2RX7TmsVeLkpAQ56r757oWCDLn+hkRYyuerRHUynCpGIjo1PEXHasRC1b9xbMKNyj/hUr+9oaQJJgPco9m80tSqaCm0uiLVEytrri7kMJdywgOd5Fj15bI3E/883cdZvn6VNN2qc1F1H9xSzc2bFeEUzuAcHLiGGtxBHRpA4BU+4BO+0D1K0AhNfqMFlO8cwwLQ2w8VDn3t</latexit>
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Line network: varying anysotropy 
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Example: chain network
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>

�/↵
<latexit sha1_base64="myp4XuTHiq6Cz5xZPIs78CoeEDo=">AAABwHicZY/LTgIxGIX/4g3xNurSzUQgcYUzo9GVCdGNS0zkkjhIOuWHaWin47SoSHgPNy70rXwbB5wYgZM0Of3OadITxIJr4zjfJLeyura+kd8sbG3v7O5Z+wcNrYYJwzpTQiWtgGoUPMK64UZgK06QykBgMxjcTPPmMyaaq+jejGJsS9qPeI8zalL0WPIDNPTUpyIOaaljFZ2KM5O9bNzMFCFTrWN9+F3FhhIjwwTV+uEiNu0xTQxnAicF3+CreeFdE165DpOF8j9wnt79ocaYsgHt43g2ZWKXU9S1eypJT2TsGZ3rUan1SAZpU1IT6sVsCv+ydI+7+Ptl0/Aq7lnFu/OKVS9blocjOIYTcOESqnALNagDgwTe4RO+yDUJiSJPv9Ucyd4cwpzI2w+6EntL</latexit> n

<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

varying ↵
<latexit sha1_base64="N5XTE/nS0NE0WCVc2ZmSQNbcxpI=">AAABxHicZY9dS8MwGIXfzK85v6peelPcBl6NtopeCQNBvJzgPsCO8TbLtrCkLUlaHWP+Er3U/+S/sZtF3HYgcPKcE8gJYsG1cZxvUtjY3NreKe6W9vYPDo+s45OWjhJFWZNGIlKdADUTPGRNw41gnVgxlIFg7WB8N8/bKVOaR+GTmcSsK3EY8gGnaDLUs6wU1YSHQ7vio4hHWOlZZafmLGSvGzc3ZcjV6Fkffj+iiWShoQK1fr6OTXeKynAq2KzkG/ZqXnjfjG5dh8pS9R+4yu5+olmMdIxDNl3MmdnVDPXtQaSyExp7QZd6KLWeyCBrSjQjvZrN4V+W7XFXf79uWl7Nvax5j1657uXLinAG53ABLtxAHR6gAU2gkMI7fMIXuSeCaJL8Vgskf3MKSyJvP8prfIk=</latexit>

�2
<latexit sha1_base64="Qqv9Q6VqEAuL8M9WI3Y/Hw+yl9w=">AAAByXicZU/LSsNAFL1TXzW+ouLKTbAtuCpJFF0JBTeCmwr2AaaWyWTaDp1HzEy1tXTld7hwq1/k35jWILY9cOHMOecO94QxZ9q47jfKrayurW/kN62t7Z3dPXv/oK7VICG0RhRXSTPEmnImac0ww2kzTigWIaeNsH899RvPNNFMyXszimlL4K5kHUawSaW2fRRIxWREpbGKgWZdgR/9otW2C27ZncFZJl5GCpCh2rbfg0iRgUj/IRxr/XARm9YYJ4YRTidWYOjQvLDI9K48lwir9E84T9/BQNMYkz7u0vGs08QppVLkdFSSjjTOTJ3LYaH1SIRpUmDT04veVPzz0j7e4vXLpO6XvbOyf+cXKn7WLA/HcAKn4MElVOAGqlADAmP4gE/4QrfoCQ3R6280h7KdQ5gDevsBU2t+BQ==</latexit>
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Line network: varying chain lengthExample: chain network
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>

�/↵
<latexit sha1_base64="myp4XuTHiq6Cz5xZPIs78CoeEDo=">AAABwHicZY/LTgIxGIX/4g3xNurSzUQgcYUzo9GVCdGNS0zkkjhIOuWHaWin47SoSHgPNy70rXwbB5wYgZM0Of3OadITxIJr4zjfJLeyura+kd8sbG3v7O5Z+wcNrYYJwzpTQiWtgGoUPMK64UZgK06QykBgMxjcTPPmMyaaq+jejGJsS9qPeI8zalL0WPIDNPTUpyIOaaljFZ2KM5O9bNzMFCFTrWN9+F3FhhIjwwTV+uEiNu0xTQxnAicF3+CreeFdE165DpOF8j9wnt79ocaYsgHt43g2ZWKXU9S1eypJT2TsGZ3rUan1SAZpU1IT6sVsCv+ydI+7+Ptl0/Aq7lnFu/OKVS9blocjOIYTcOESqnALNagDgwTe4RO+yDUJiSJPv9Ucyd4cwpzI2w+6EntL</latexit> n

<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

varying n
<latexit sha1_base64="fCfg/KJqxXx27GjXwBNYizLwY6Q=">AAABvXicZY9bSwJBHMX/Yzezm9VjL0sq9CS7W9RTJPTSo0FeQEVmx786OJdlZtRE/Bg9Vp+rb9NqS6QdGDjzO2dgThQLbp3vf5HM1vbO7l52P3dweHR8kj89q1s9NgxrTAttmhG1KLjCmuNOYDM2SGUksBGNHpd5Y4LGcq1e3CzGjqQDxfucUZeg1oSaGVcDr6iK3XzBL/sref9NkJoCpKp28+/tnmZjicoxQa1t3cauM6fGcSZwkWs7fHVT3nPD+8BnMlf6A26Se3tsMaZsRAc4X+1YeKUE9by+NslRzlvRtR6V1s5klDQldUO7mS3hb5bsCTZ//9/Uw3JwXQ6fw0IlTJdl4QIu4QoCuIMKPEEVasBAwxt8wCd5IEgEUT/VDEnfnMOayPQb+nN6Mg==</latexit>
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Limit behaviors in the noise
If the noise variance �2 ! 0, then

R
max

' � 1

ln 2

tr(A)

<latexit sha1_base64="7EqtPSkxlrF2IW5QXbTlgMauL0E="></latexit>

In general

R
max

 � 1

ln 2
tr(A)

<latexit sha1_base64="juWr8dthuNy4XMLSjCUhEpvXWlQ=">AAAB9XicZU/NT8IwHO3wC+fX1KOXRUaCB8k2jZ5MIF70hkY+EkeWrhRoaLulLQJZ9qdwM3r0L/Gq8b9x4GJEXtL0/d57TX8viCiRyra/tNzK6tr6Rn5T39re2d0z9g8aMhwKhOsopKFoBVBiSjiuK6IobkUCQxZQ3AwG1zO/+YSFJCF/UJMItxnscdIlCKpU8o2qx0PCO5gr/ZabPcyxgFS3rHs/9hgcJx7Fp15XQBQ7SexRbrrpJZipRFKqnliWqftGwS7bc5jLxMlIAWSo+cbU64RoyNI/EYVSPl5Eqh1DoQiiONE9hcdqRDqqf+XYiOnFP8J5OntDiSOIBrCH43n/xCymUsfshiI9XJlzdSEHmZQTFqRJBlVf/vdm4q+X9nH+b79MGm7ZOSu7d26h4mbN8uAIHIMScMAlqIAbUAN1gMAreAcf4FMbaVPtWXv5iea07M0hWID29g1Ebo74</latexit>
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Limit behaviors in the noise
If the noise variance �2 ! 1, then

R
max

' 1

2 ln 2

`

�2

where

` := max

T�0

kBTOTBk
T

OT =

Z T

0

eA
T tCTCeAtdt

<latexit sha1_base64="A7otBfsSKUb/Isx8na0JaTS+MXQ="></latexit>
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Limit behaviors in the noise
If the noise variance �2 ! 1, then

R
max

' 1

2 ln 2

`

�2

where

` := max

T�0

kBTOTBk
T

OT =

Z T

0

eA
T tCTCeAtdt

<latexit sha1_base64="A7otBfsSKUb/Isx8na0JaTS+MXQ="></latexit>
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Matrix non-normality

spectral
abscissa

<latexit sha1_base64="gIxh239VSFaBXqVF+PVvKWMopAM=">AAAB0nicZU/LSsNAFL1TXzW+oi4FCZaCq5JE0ZVQcOOyQtMWTCmTybQdOsmEmalaSxeiS3/BH3CrP+PfOK1BbHvgwrnnnBnuiTLOlHbdb1RYWV1b3yhuWlvbO7t79v5BQ4mhJDQgggvZirCinKU00Exz2sokxUnEaTMaXE/95j2Viom0rkcZbSe4l7IuI1gbqWMfh6lgaUxT7aiMEi0xd8LQwpEiTCncsUtuxZ3BWSZeTkqQo9ax38NYkGFiPiQcK3V3ken2GEvNCKcTK9T0UT+wWPevPJckVvmfcG72cKhohskA9+h4Vm7ilI0UO10hzZgrZ+pcDidKjZLIJBOs+2rRm4p/nunjLV6/TBp+xTur+Ld+qernzYpwBCdwCh5cQhVuoAYBEHiFD/iEL1RHT+gZvfxGCyh/cwhzQG8/nnSCrw==</latexit>

�(A)

Let

↵(A) = max{Re[�i] : �i eigenvalues of A}

!(A) = max{�i : �i eigenvalues of
A+AT

2
}

For normal matrices
!(A) = ↵(A)

For non-normal matrices we may have

!(A) � ↵(A)

Hence it may happen that !(A) > 0 also for stable matrices.
<latexit sha1_base64="xJJYgfen1ZgaWVP+JO5X/h5/cZ0="></latexit>
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Phase transition

Theorem

Let A 2 Rn⇥n
be a stable matrix so that ↵(A) < 0.

If !(A)  0, then

`(A,B,C)  1

If !(A) > 0 and B = C = I, then

`(A,B,C) > 1

<latexit sha1_base64="Zu+/6xhdGH26y27s785QMFFuj2c="></latexit>
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>

�/↵
<latexit sha1_base64="myp4XuTHiq6Cz5xZPIs78CoeEDo=">AAABwHicZY/LTgIxGIX/4g3xNurSzUQgcYUzo9GVCdGNS0zkkjhIOuWHaWin47SoSHgPNy70rXwbB5wYgZM0Of3OadITxIJr4zjfJLeyura+kd8sbG3v7O5Z+wcNrYYJwzpTQiWtgGoUPMK64UZgK06QykBgMxjcTPPmMyaaq+jejGJsS9qPeI8zalL0WPIDNPTUpyIOaaljFZ2KM5O9bNzMFCFTrWN9+F3FhhIjwwTV+uEiNu0xTQxnAicF3+CreeFdE165DpOF8j9wnt79ocaYsgHt43g2ZWKXU9S1eypJT2TsGZ3rUan1SAZpU1IT6sVsCv+ydI+7+Ptl0/Aq7lnFu/OKVS9blocjOIYTcOESqnALNagDgwTe4RO+yDUJiSJPv9Ucyd4cwpzI2w+6EntL</latexit> n

<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

Line network

varying ↵
<latexit sha1_base64="N5XTE/nS0NE0WCVc2ZmSQNbcxpI=">AAABxHicZY9dS8MwGIXfzK85v6peelPcBl6NtopeCQNBvJzgPsCO8TbLtrCkLUlaHWP+Er3U/+S/sZtF3HYgcPKcE8gJYsG1cZxvUtjY3NreKe6W9vYPDo+s45OWjhJFWZNGIlKdADUTPGRNw41gnVgxlIFg7WB8N8/bKVOaR+GTmcSsK3EY8gGnaDLUs6wU1YSHQ7vio4hHWOlZZafmLGSvGzc3ZcjV6Fkffj+iiWShoQK1fr6OTXeKynAq2KzkG/ZqXnjfjG5dh8pS9R+4yu5+olmMdIxDNl3MmdnVDPXtQaSyExp7QZd6KLWeyCBrSjQjvZrN4V+W7XFXf79uWl7Nvax5j1657uXLinAG53ABLtxAHR6gAU2gkMI7fMIXuSeCaJL8Vgskf3MKSyJvP8prfIk=</latexit>
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>

�/↵
<latexit sha1_base64="myp4XuTHiq6Cz5xZPIs78CoeEDo=">AAABwHicZY/LTgIxGIX/4g3xNurSzUQgcYUzo9GVCdGNS0zkkjhIOuWHaWin47SoSHgPNy70rXwbB5wYgZM0Of3OadITxIJr4zjfJLeyura+kd8sbG3v7O5Z+wcNrYYJwzpTQiWtgGoUPMK64UZgK06QykBgMxjcTPPmMyaaq+jejGJsS9qPeI8zalL0WPIDNPTUpyIOaaljFZ2KM5O9bNzMFCFTrWN9+F3FhhIjwwTV+uEiNu0xTQxnAicF3+CreeFdE165DpOF8j9wnt79ocaYsgHt43g2ZWKXU9S1eypJT2TsGZ3rUan1SAZpU1IT6sVsCv+ydI+7+Ptl0/Aq7lnFu/OKVS9blocjOIYTcOESqnALNagDgwTe4RO+yDUJiSJPv9Ucyd4cwpzI2w+6EntL</latexit> n

<latexit sha1_base64="jARaO/t1Cph+35qNVeNk1I0/Zk0=">AAABtXicZY9LT8JAFIXv4Avxhbp00wgkrkhbjaxMSNy4xCiPRAiZTi8wYabTdC4qIfwEt7ryh/lvLNgYwZNMcuY75yb3BrGSllz3i+U2Nre2d/K7hb39g8Oj4vFJy5pJIrApjDJJJ+AWlYywSZIUduIEuQ4UtoPx7SJvP2NipYkeaRpjT/NhJAdScErRQzkq94slt+ou5fw3XmZKkKnRL352QyMmGiMSilv7dB1Tb8YTkkLhvNAlfKUXGdLoxnOFLlT+gKv0351YjLkY8yHOlvvPnUqKQmdgkvRF5CzpSo9ra6c6SJua08iuZwv4m6X3eOvb/zctv+pdVv17v1T3s8vycAbncAEe1KAOd9CAJggYwhu8wwersR4L2eCnmmPZzCmsiJlvp/x2wg==</latexit>

delta=6 
delta=5 
delta=3

Line network

varying �
<latexit sha1_base64="eXYRX5glG5cHkXLnMTw9sT78YJ8=">AAABxHicZY9dS8MwGIXfzK85v6peelPcBl6NtopeCQNBvJzgPsCOkabZFpa0JXk7HWP+Er3U/+S/sZtF3HYgcPKcE8gJEikMOs43KWxsbm3vFHdLe/sHh0fW8UnLxKlmvMliGetOQA2XIuJNFCh5J9GcqkDydjC6m+ftMddGxNETThLeVXQQib5gFDPUs6wx1RMRDeyKH3KJtNKzyk7NWcheN25uypCr0bM+/DBmqeIRMkmNeb5OsDulGgWTfFbykb/iiwhxeOs6TJWq/8BVdvdTwxPKRnTAp4s5M7uaodDuxzo7EdoLutSjypiJCrKmojg0q9kc/mXZHnf19+um5dXcy5r36JXrXr6sCGdwDhfgwg3U4QEa0AQGY3iHT/gi90QSQ9LfaoHkb05hSeTtB8+mfI0=</latexit>
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Example

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>
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Example

For small noise

<latexit sha1_base64="iaUN9TJOJJ+3vUC93iaqMBFE3bc=">AAAB0HicZU9LSwMxGPxSX3V9rXrUw2IpeCq7W9GTUBDEYxX7ALeUbDZtQ5PNskm1pRTRo//Bu1f9N/4b07qIbec0mZl8zIQJZ0q77jfKrayurW/kN62t7Z3dPXv/oK7kICW0RiSXaTPEinIW05pmmtNmklIsQk4bYf9q6jceaaqYjO/1KKEtgbsx6zCCtZHa9rEVxJLFEY21cy1TRwnMuWMkRS2rbRfckjuDs0y8jBQgQ7VtvweRJANhrhGOlXo4T3RrjFPNCKcTK9B0qJ9YpHuXnkuEVfwnnJl3MFA0waSPu3Q8mzZxikaKnI5p1pGm4kydy2Gh1EiEJimw7qlFbyr+eWaPt9h+mdT9klcu+bd+oeJny/JwBCdwCh5cQAVuoAo1IPAKH/AJX+gODdEzevmN5lD25xDmgN5+ANeEgM4=</latexit> R
max

' �n

ln 2
<latexit sha1_base64="ykRJTRelcabmvQOGCHvE+mNFMVI=">AAAB3nicZY/LSsNAGIX/eK3xFnXpJtgUxEVJouhKKLhxWcVewClxMp22Q2eSmJlqS8jWnejSja/hVl/DtzGtQWx7YODMd87AHD/iTCrb/tYWFpeWV1YLa/r6xubWtrGzW5fhICa0RkIexk0fS8pZQGuKKU6bUUyx8Dlt+P2Lcd54oLFkYXCjRhFtCdwNWIcRrDLkGUe6ZV17CRJ4mCLJBL1HnRiTBLUpV9gM0gTxwHRTy9I9o2iX7YnMeePkpgi5qp7xjtohGQgaKMKxlLenkWolOFaMcJrqSNGhemRt1Tt3bCL00j9wkt3RQNIIkz7u0mQyNDVLGWqbnTDOTqDMCZ3qYSHlSPhZU2DVk7PZGP5l2R5n9vfzpu6WneOye+UWK26+rAD7cACH4MAZVOASqlADAq/wAZ/wpd1pT9qz9vJbXdDyN3swJe3tB2IRhpE=</latexit>

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>
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Example

grows in �
<latexit sha1_base64="96QLSOE39tCguOG9uUPwFOZTTFo=">AAAB0XicZU/LSgMxFL2przq+Rl2KMNgWXJWZUXQlFNy4rGgf4JSSyaRtaDIZJqm1lILo0m/wA9zq1/g3pnUQ2x64cO45J+GeMOFMadf9RrmV1bX1jfymtbW9s7tn7x/UlRykhNaI5DJthlhRzmJa00xz2kxSikXIaSPsX0/9xiNNFZPxvR4ltCVwN2YdRrA2Uts+DmLJ4ojG2ummcqgcFjvFIKJc46Jlte2CW3ZncJaJl5ECZKi27fcgkmQgzH+EY6UeLhLdGuNUM8LpxAo0fdJDFunelecSYZX+CedmDwaKJpj0cZeOZ90mTslIkdORqRlz5Eydy2Gh1EiEJimw7qlFbyr+eaaPt3j9Mqn7Ze+s7N/6hYqfNcvDEZzAKXhwCRW4gSrUgMArfMAnfKE7NELP6OU3mkPZm0OYA3r7AXeSgSc=</latexit>

For small noise

<latexit sha1_base64="iaUN9TJOJJ+3vUC93iaqMBFE3bc=">AAAB0HicZU9LSwMxGPxSX3V9rXrUw2IpeCq7W9GTUBDEYxX7ALeUbDZtQ5PNskm1pRTRo//Bu1f9N/4b07qIbec0mZl8zIQJZ0q77jfKrayurW/kN62t7Z3dPXv/oK7kICW0RiSXaTPEinIW05pmmtNmklIsQk4bYf9q6jceaaqYjO/1KKEtgbsx6zCCtZHa9rEVxJLFEY21cy1TRwnMuWMkRS2rbRfckjuDs0y8jBQgQ7VtvweRJANhrhGOlXo4T3RrjFPNCKcTK9B0qJ9YpHuXnkuEVfwnnJl3MFA0waSPu3Q8mzZxikaKnI5p1pGm4kydy2Gh1EiEJimw7qlFbyr+eWaPt9h+mdT9klcu+bd+oeJny/JwBCdwCh5cQAVuoAo1IPAKH/AJX+gODdEzevmN5lD25xDmgN5+ANeEgM4=</latexit> R
max

' �n

ln 2
<latexit sha1_base64="ykRJTRelcabmvQOGCHvE+mNFMVI=">AAAB3nicZY/LSsNAGIX/eK3xFnXpJtgUxEVJouhKKLhxWcVewClxMp22Q2eSmJlqS8jWnejSja/hVl/DtzGtQWx7YODMd87AHD/iTCrb/tYWFpeWV1YLa/r6xubWtrGzW5fhICa0RkIexk0fS8pZQGuKKU6bUUyx8Dlt+P2Lcd54oLFkYXCjRhFtCdwNWIcRrDLkGUe6ZV17CRJ4mCLJBL1HnRiTBLUpV9gM0gTxwHRTy9I9o2iX7YnMeePkpgi5qp7xjtohGQgaKMKxlLenkWolOFaMcJrqSNGhemRt1Tt3bCL00j9wkt3RQNIIkz7u0mQyNDVLGWqbnTDOTqDMCZ3qYSHlSPhZU2DVk7PZGP5l2R5n9vfzpu6WneOye+UWK26+rAD7cACH4MAZVOASqlADAq/wAZ/wpd1pT9qz9vJbXdDyN3swJe3tB2IRhpE=</latexit>

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>



45

Example

grows in �
<latexit sha1_base64="96QLSOE39tCguOG9uUPwFOZTTFo=">AAAB0XicZU/LSgMxFL2przq+Rl2KMNgWXJWZUXQlFNy4rGgf4JSSyaRtaDIZJqm1lILo0m/wA9zq1/g3pnUQ2x64cO45J+GeMOFMadf9RrmV1bX1jfymtbW9s7tn7x/UlRykhNaI5DJthlhRzmJa00xz2kxSikXIaSPsX0/9xiNNFZPxvR4ltCVwN2YdRrA2Uts+DmLJ4ojG2ummcqgcFjvFIKJc46Jlte2CW3ZncJaJl5ECZKi27fcgkmQgzH+EY6UeLhLdGuNUM8LpxAo0fdJDFunelecSYZX+CedmDwaKJpj0cZeOZ90mTslIkdORqRlz5Eydy2Gh1EiEJimw7qlFbyr+eaaPt3j9Mqn7Ze+s7N/6hYqfNcvDEZzAKXhwCRW4gSrUgMArfMAnfKE7NELP6OU3mkPZm0OYA3r7AXeSgSc=</latexit>

For large noise

<latexit sha1_base64="RxH6IoiaFnsQRRFw/tzMnCefZ4k=">AAAB0HicZU9LS8NAGPxSXzW+oh71ECwFTyVJRU9CQRCPVewDTCmbzdd26SYbslttKUX06H/w7lX/jf/GbQ1i2znNzsx+zAQJZ1I5zreRW1ldW9/Ib5pb2zu7e9b+QV2KQUqxRgUXaTMgEjmLsaaY4thMUiRRwLER9K+mfuMRU8lEfK9GCbYi0o1Zh1GitNS2jk0/FiwOMVb2tUhtTtIu2lqSaJptq+CUnBnsZeJmpAAZqm3r3Q8FHUT6GuVEyofzRLXGJFWMcpyYvsKhemKh6l26Do3M4j/hTL/9gcSE0D7p4ng2bWIXtRTaHd2sI3TFmTqXI5GUoyjQyYionlz0puKfp/e4i+2XSd0rueWSd+sVKl62LA9HcAKn4MIFVOAGqlADCq/wAZ/wZdwZQ+PZePmN5ozszyHMwXj7AcSfgMA=</latexit>

For small noise

<latexit sha1_base64="iaUN9TJOJJ+3vUC93iaqMBFE3bc=">AAAB0HicZU9LSwMxGPxSX3V9rXrUw2IpeCq7W9GTUBDEYxX7ALeUbDZtQ5PNskm1pRTRo//Bu1f9N/4b07qIbec0mZl8zIQJZ0q77jfKrayurW/kN62t7Z3dPXv/oK7kICW0RiSXaTPEinIW05pmmtNmklIsQk4bYf9q6jceaaqYjO/1KKEtgbsx6zCCtZHa9rEVxJLFEY21cy1TRwnMuWMkRS2rbRfckjuDs0y8jBQgQ7VtvweRJANhrhGOlXo4T3RrjFPNCKcTK9B0qJ9YpHuXnkuEVfwnnJl3MFA0waSPu3Q8mzZxikaKnI5p1pGm4kydy2Gh1EiEJimw7qlFbyr+eWaPt9h+mdT9klcu+bd+oeJny/JwBCdwCh5cQAVuoAo1IPAKH/AJX+gODdEzevmN5lD25xDmgN5+ANeEgM4=</latexit> R
max

' �n

ln 2
<latexit sha1_base64="ykRJTRelcabmvQOGCHvE+mNFMVI=">AAAB3nicZY/LSsNAGIX/eK3xFnXpJtgUxEVJouhKKLhxWcVewClxMp22Q2eSmJlqS8jWnejSja/hVl/DtzGtQWx7YODMd87AHD/iTCrb/tYWFpeWV1YLa/r6xubWtrGzW5fhICa0RkIexk0fS8pZQGuKKU6bUUyx8Dlt+P2Lcd54oLFkYXCjRhFtCdwNWIcRrDLkGUe6ZV17CRJ4mCLJBL1HnRiTBLUpV9gM0gTxwHRTy9I9o2iX7YnMeePkpgi5qp7xjtohGQgaKMKxlLenkWolOFaMcJrqSNGhemRt1Tt3bCL00j9wkt3RQNIIkz7u0mQyNDVLGWqbnTDOTqDMCZ3qYSHlSPhZU2DVk7PZGP5l2R5n9vfzpu6WneOye+UWK26+rAD7cACH4MAZVOASqlADAq/wAZ/wpd1pT9qz9vJbXdDyN3swJe3tB2IRhpE=</latexit>

!(A) ' �� + ↵
<latexit sha1_base64="dejvYEKGpuuGfQKSsxVVaRqrUsA=">AAAB1HicZY/LSsNAGIX/1Futt6hLN8G2UBFLEkVXQsWNywr2AqaUyeRvO3QmiZmpWmpXokvfwDdwq+/i25jGILY9MHDmO2dgjhtyJpVpfmuZhcWl5ZXsam5tfWNzS9/eqctgEFGs0YAHUdMlEjnzsaaY4tgMIyTC5dhw+5eTvHGPkWSBf6OGIbYE6fqswyhRMWrrRsEJBHZJ6eLAkUzg3ZHjIVfk0CE87JGC0dbzZtlMZMwbKzV5SFVt6++OF9CBQF9RTqS8PQ1Va0QixSjHcc5R+KgemKd655ZJRa74D5zEd2cgMSS0T7o4SuaNjWKMPKMTRPHxlZHQqR4RUg6FGzcFUT05m03gXxbvsWZ/P2/qdtk6LtvXdr5ip8uysAf7UAILzqACV1CFGlB4hQ/4hC+trj1pz9rLbzWjpW92YUra2w9hb4JZ</latexit>

!(A) > 0 i↵ ↵ > �
<latexit sha1_base64="QuSdODxsA+sEdMkFsjbzMz/nhUw=">AAAB1nicZY/LSsNAGIX/qbcab1GXbkKbQt2UJIquLBU3LivYC5hSJpNJO3QmCZmpWkrdiS59AV/Brb6Kb2Nag9j2wMCZ75yBOV7MmVSW9Y1yK6tr6xv5TW1re2d3T98/aMpomBDaIBGPkraHJeUspA3FFKftOKFYeJy2vMHVNG/d00SyKLxVo5h2BO6FLGAEqxR19YLpRoL2cPnyuGqZBgsCw3Qxj/u46vqUK2xqXb1oVayZjGVjZ6YImepd/d31IzIUNFSEYynvzmLVGeNEMcLpRHMVfVQPzFf9C9siQiv9A6fp3R1KGmMywD06ng2cGKUU+UYQJekJlTGjcz0spBwJL20KrPpyMZvCvyzdYy/+ftk0nYp9UnFunGLNyZbl4QgKUAYbzqEG11CHBhB4hQ/4hC/URk/oGb38VnMoe3MIc0JvPwNVge0=</latexit>

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>
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Example

grows in �
<latexit sha1_base64="96QLSOE39tCguOG9uUPwFOZTTFo=">AAAB0XicZU/LSgMxFL2przq+Rl2KMNgWXJWZUXQlFNy4rGgf4JSSyaRtaDIZJqm1lILo0m/wA9zq1/g3pnUQ2x64cO45J+GeMOFMadf9RrmV1bX1jfymtbW9s7tn7x/UlRykhNaI5DJthlhRzmJa00xz2kxSikXIaSPsX0/9xiNNFZPxvR4ltCVwN2YdRrA2Uts+DmLJ4ojG2ummcqgcFjvFIKJc46Jlte2CW3ZncJaJl5ECZKi27fcgkmQgzH+EY6UeLhLdGuNUM8LpxAo0fdJDFunelecSYZX+CedmDwaKJpj0cZeOZ90mTslIkdORqRlz5Eydy2Gh1EiEJimw7qlFbyr+eaaPt3j9Mqn7Ze+s7N/6hYqfNcvDEZzAKXhwCRW4gSrUgMArfMAnfKE7NELP6OU3mkPZm0OYA3r7AXeSgSc=</latexit>

For large noise

<latexit sha1_base64="RxH6IoiaFnsQRRFw/tzMnCefZ4k=">AAAB0HicZU9LS8NAGPxSXzW+oh71ECwFTyVJRU9CQRCPVewDTCmbzdd26SYbslttKUX06H/w7lX/jf/GbQ1i2znNzsx+zAQJZ1I5zreRW1ldW9/Ib5pb2zu7e9b+QV2KQUqxRgUXaTMgEjmLsaaY4thMUiRRwLER9K+mfuMRU8lEfK9GCbYi0o1Zh1GitNS2jk0/FiwOMVb2tUhtTtIu2lqSaJptq+CUnBnsZeJmpAAZqm3r3Q8FHUT6GuVEyofzRLXGJFWMcpyYvsKhemKh6l26Do3M4j/hTL/9gcSE0D7p4ng2bWIXtRTaHd2sI3TFmTqXI5GUoyjQyYionlz0puKfp/e4i+2XSd0rueWSd+sVKl62LA9HcAKn4MIFVOAGqlADCq/wAZ/wZdwZQ+PZePmN5ozszyHMwXj7AcSfgMA=</latexit>

For small noise

<latexit sha1_base64="iaUN9TJOJJ+3vUC93iaqMBFE3bc=">AAAB0HicZU9LSwMxGPxSX3V9rXrUw2IpeCq7W9GTUBDEYxX7ALeUbDZtQ5PNskm1pRTRo//Bu1f9N/4b07qIbec0mZl8zIQJZ0q77jfKrayurW/kN62t7Z3dPXv/oK7kICW0RiSXaTPEinIW05pmmtNmklIsQk4bYf9q6jceaaqYjO/1KKEtgbsx6zCCtZHa9rEVxJLFEY21cy1TRwnMuWMkRS2rbRfckjuDs0y8jBQgQ7VtvweRJANhrhGOlXo4T3RrjFPNCKcTK9B0qJ9YpHuXnkuEVfwnnJl3MFA0waSPu3Q8mzZxikaKnI5p1pGm4kydy2Gh1EiEJimw7qlFbyr+eWaPt9h+mdT9klcu+bd+oeJny/JwBCdwCh5cQAVuoAo1IPAKH/AJX+gODdEzevmN5lD25xDmgN5+ANeEgM4=</latexit> R
max

' �n

ln 2
<latexit sha1_base64="ykRJTRelcabmvQOGCHvE+mNFMVI=">AAAB3nicZY/LSsNAGIX/eK3xFnXpJtgUxEVJouhKKLhxWcVewClxMp22Q2eSmJlqS8jWnejSja/hVl/DtzGtQWx7YODMd87AHD/iTCrb/tYWFpeWV1YLa/r6xubWtrGzW5fhICa0RkIexk0fS8pZQGuKKU6bUUyx8Dlt+P2Lcd54oLFkYXCjRhFtCdwNWIcRrDLkGUe6ZV17CRJ4mCLJBL1HnRiTBLUpV9gM0gTxwHRTy9I9o2iX7YnMeePkpgi5qp7xjtohGQgaKMKxlLenkWolOFaMcJrqSNGhemRt1Tt3bCL00j9wkt3RQNIIkz7u0mQyNDVLGWqbnTDOTqDMCZ3qYSHlSPhZU2DVk7PZGP5l2R5n9vfzpu6WneOye+UWK26+rAD7cACH4MAZVOASqlADAq/wAZ/wpd1pT9qz9vJbXdDyN3swJe3tB2IRhpE=</latexit>

!(A) ' �� + ↵
<latexit sha1_base64="dejvYEKGpuuGfQKSsxVVaRqrUsA=">AAAB1HicZY/LSsNAGIX/1Futt6hLN8G2UBFLEkVXQsWNywr2AqaUyeRvO3QmiZmpWmpXokvfwDdwq+/i25jGILY9MHDmO2dgjhtyJpVpfmuZhcWl5ZXsam5tfWNzS9/eqctgEFGs0YAHUdMlEjnzsaaY4tgMIyTC5dhw+5eTvHGPkWSBf6OGIbYE6fqswyhRMWrrRsEJBHZJ6eLAkUzg3ZHjIVfk0CE87JGC0dbzZtlMZMwbKzV5SFVt6++OF9CBQF9RTqS8PQ1Va0QixSjHcc5R+KgemKd655ZJRa74D5zEd2cgMSS0T7o4SuaNjWKMPKMTRPHxlZHQqR4RUg6FGzcFUT05m03gXxbvsWZ/P2/qdtk6LtvXdr5ip8uysAf7UAILzqACV1CFGlB4hQ/4hC+trj1pz9rLbzWjpW92YUra2w9hb4JZ</latexit>

!(A) > 0 i↵ ↵ > �
<latexit sha1_base64="QuSdODxsA+sEdMkFsjbzMz/nhUw=">AAAB1nicZY/LSsNAGIX/qbcab1GXbkKbQt2UJIquLBU3LivYC5hSJpNJO3QmCZmpWkrdiS59AV/Brb6Kb2Nag9j2wMCZ75yBOV7MmVSW9Y1yK6tr6xv5TW1re2d3T98/aMpomBDaIBGPkraHJeUspA3FFKftOKFYeJy2vMHVNG/d00SyKLxVo5h2BO6FLGAEqxR19YLpRoL2cPnyuGqZBgsCw3Qxj/u46vqUK2xqXb1oVayZjGVjZ6YImepd/d31IzIUNFSEYynvzmLVGeNEMcLpRHMVfVQPzFf9C9siQiv9A6fp3R1KGmMywD06ng2cGKUU+UYQJekJlTGjcz0spBwJL20KrPpyMZvCvyzdYy/+ftk0nYp9UnFunGLNyZbl4QgKUAYbzqEG11CHBhB4hQ/4hC/URk/oGb38VnMoe3MIc0JvPwNVge0=</latexit>

`(A,B,C) � 1

4(2n� 1)
p

⇡(n� 1)

⇣↵
�

⌘2n�2

<latexit sha1_base64="9BKLwkI7nKIODxyZXsVg45PO1Lk="></latexit>

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>
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Example

grows in �
<latexit sha1_base64="96QLSOE39tCguOG9uUPwFOZTTFo=">AAAB0XicZU/LSgMxFL2przq+Rl2KMNgWXJWZUXQlFNy4rGgf4JSSyaRtaDIZJqm1lILo0m/wA9zq1/g3pnUQ2x64cO45J+GeMOFMadf9RrmV1bX1jfymtbW9s7tn7x/UlRykhNaI5DJthlhRzmJa00xz2kxSikXIaSPsX0/9xiNNFZPxvR4ltCVwN2YdRrA2Uts+DmLJ4ojG2ummcqgcFjvFIKJc46Jlte2CW3ZncJaJl5ECZKi27fcgkmQgzH+EY6UeLhLdGuNUM8LpxAo0fdJDFunelecSYZX+CedmDwaKJpj0cZeOZ90mTslIkdORqRlz5Eydy2Gh1EiEJimw7qlFbyr+eaaPt3j9Mqn7Ze+s7N/6hYqfNcvDEZzAKXhwCRW4gSrUgMArfMAnfKE7NELP6OU3mkPZm0OYA3r7AXeSgSc=</latexit>

For large noise

<latexit sha1_base64="RxH6IoiaFnsQRRFw/tzMnCefZ4k=">AAAB0HicZU9LS8NAGPxSXzW+oh71ECwFTyVJRU9CQRCPVewDTCmbzdd26SYbslttKUX06H/w7lX/jf/GbQ1i2znNzsx+zAQJZ1I5zreRW1ldW9/Ib5pb2zu7e9b+QV2KQUqxRgUXaTMgEjmLsaaY4thMUiRRwLER9K+mfuMRU8lEfK9GCbYi0o1Zh1GitNS2jk0/FiwOMVb2tUhtTtIu2lqSaJptq+CUnBnsZeJmpAAZqm3r3Q8FHUT6GuVEyofzRLXGJFWMcpyYvsKhemKh6l26Do3M4j/hTL/9gcSE0D7p4ng2bWIXtRTaHd2sI3TFmTqXI5GUoyjQyYionlz0puKfp/e4i+2XSd0rueWSd+sVKl62LA9HcAKn4MIFVOAGqlADCq/wAZ/wZdwZQ+PZePmN5ozszyHMwXj7AcSfgMA=</latexit>

For small noise

<latexit sha1_base64="iaUN9TJOJJ+3vUC93iaqMBFE3bc=">AAAB0HicZU9LSwMxGPxSX3V9rXrUw2IpeCq7W9GTUBDEYxX7ALeUbDZtQ5PNskm1pRTRo//Bu1f9N/4b07qIbec0mZl8zIQJZ0q77jfKrayurW/kN62t7Z3dPXv/oK7kICW0RiSXaTPEinIW05pmmtNmklIsQk4bYf9q6jceaaqYjO/1KKEtgbsx6zCCtZHa9rEVxJLFEY21cy1TRwnMuWMkRS2rbRfckjuDs0y8jBQgQ7VtvweRJANhrhGOlXo4T3RrjFPNCKcTK9B0qJ9YpHuXnkuEVfwnnJl3MFA0waSPu3Q8mzZxikaKnI5p1pGm4kydy2Gh1EiEJimw7qlFbyr+eWaPt9h+mdT9klcu+bd+oeJny/JwBCdwCh5cQAVuoAo1IPAKH/AJX+gODdEzevmN5lD25xDmgN5+ANeEgM4=</latexit> R
max

' �n

ln 2
<latexit sha1_base64="ykRJTRelcabmvQOGCHvE+mNFMVI=">AAAB3nicZY/LSsNAGIX/eK3xFnXpJtgUxEVJouhKKLhxWcVewClxMp22Q2eSmJlqS8jWnejSja/hVl/DtzGtQWx7YODMd87AHD/iTCrb/tYWFpeWV1YLa/r6xubWtrGzW5fhICa0RkIexk0fS8pZQGuKKU6bUUyx8Dlt+P2Lcd54oLFkYXCjRhFtCdwNWIcRrDLkGUe6ZV17CRJ4mCLJBL1HnRiTBLUpV9gM0gTxwHRTy9I9o2iX7YnMeePkpgi5qp7xjtohGQgaKMKxlLenkWolOFaMcJrqSNGhemRt1Tt3bCL00j9wkt3RQNIIkz7u0mQyNDVLGWqbnTDOTqDMCZ3qYSHlSPhZU2DVk7PZGP5l2R5n9vfzpu6WneOye+UWK26+rAD7cACH4MAZVOASqlADAq/wAZ/wpd1pT9qz9vJbXdDyN3swJe3tB2IRhpE=</latexit>

!(A) ' �� + ↵
<latexit sha1_base64="dejvYEKGpuuGfQKSsxVVaRqrUsA=">AAAB1HicZY/LSsNAGIX/1Futt6hLN8G2UBFLEkVXQsWNywr2AqaUyeRvO3QmiZmpWmpXokvfwDdwq+/i25jGILY9MHDmO2dgjhtyJpVpfmuZhcWl5ZXsam5tfWNzS9/eqctgEFGs0YAHUdMlEjnzsaaY4tgMIyTC5dhw+5eTvHGPkWSBf6OGIbYE6fqswyhRMWrrRsEJBHZJ6eLAkUzg3ZHjIVfk0CE87JGC0dbzZtlMZMwbKzV5SFVt6++OF9CBQF9RTqS8PQ1Va0QixSjHcc5R+KgemKd655ZJRa74D5zEd2cgMSS0T7o4SuaNjWKMPKMTRPHxlZHQqR4RUg6FGzcFUT05m03gXxbvsWZ/P2/qdtk6LtvXdr5ip8uysAf7UAILzqACV1CFGlB4hQ/4hC+trj1pz9rLbzWjpW92YUra2w9hb4JZ</latexit>

!(A) > 0 i↵ ↵ > �
<latexit sha1_base64="QuSdODxsA+sEdMkFsjbzMz/nhUw=">AAAB1nicZY/LSsNAGIX/qbcab1GXbkKbQt2UJIquLBU3LivYC5hSJpNJO3QmCZmpWkrdiS59AV/Brb6Kb2Nag9j2wMCZ75yBOV7MmVSW9Y1yK6tr6xv5TW1re2d3T98/aMpomBDaIBGPkraHJeUspA3FFKftOKFYeJy2vMHVNG/d00SyKLxVo5h2BO6FLGAEqxR19YLpRoL2cPnyuGqZBgsCw3Qxj/u46vqUK2xqXb1oVayZjGVjZ6YImepd/d31IzIUNFSEYynvzmLVGeNEMcLpRHMVfVQPzFf9C9siQiv9A6fp3R1KGmMywD06ng2cGKUU+UYQJekJlTGjcz0spBwJL20KrPpyMZvCvyzdYy/+ftk0nYp9UnFunGLNyZbl4QgKUAYbzqEG11CHBhB4hQ/4hC/URk/oGb38VnMoe3MIc0JvPwNVge0=</latexit>

`(A,B,C) � 1

4(2n� 1)
p

⇡(n� 1)

⇣↵
�

⌘2n�2

<latexit sha1_base64="9BKLwkI7nKIODxyZXsVg45PO1Lk="></latexit>

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>
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Example

grows in �
<latexit sha1_base64="96QLSOE39tCguOG9uUPwFOZTTFo=">AAAB0XicZU/LSgMxFL2przq+Rl2KMNgWXJWZUXQlFNy4rGgf4JSSyaRtaDIZJqm1lILo0m/wA9zq1/g3pnUQ2x64cO45J+GeMOFMadf9RrmV1bX1jfymtbW9s7tn7x/UlRykhNaI5DJthlhRzmJa00xz2kxSikXIaSPsX0/9xiNNFZPxvR4ltCVwN2YdRrA2Uts+DmLJ4ojG2ummcqgcFjvFIKJc46Jlte2CW3ZncJaJl5ECZKi27fcgkmQgzH+EY6UeLhLdGuNUM8LpxAo0fdJDFunelecSYZX+CedmDwaKJpj0cZeOZ90mTslIkdORqRlz5Eydy2Gh1EiEJimw7qlFbyr+eaaPt3j9Mqn7Ze+s7N/6hYqfNcvDEZzAKXhwCRW4gSrUgMArfMAnfKE7NELP6OU3mkPZm0OYA3r7AXeSgSc=</latexit>

For large noise

<latexit sha1_base64="RxH6IoiaFnsQRRFw/tzMnCefZ4k=">AAAB0HicZU9LS8NAGPxSXzW+oh71ECwFTyVJRU9CQRCPVewDTCmbzdd26SYbslttKUX06H/w7lX/jf/GbQ1i2znNzsx+zAQJZ1I5zreRW1ldW9/Ib5pb2zu7e9b+QV2KQUqxRgUXaTMgEjmLsaaY4thMUiRRwLER9K+mfuMRU8lEfK9GCbYi0o1Zh1GitNS2jk0/FiwOMVb2tUhtTtIu2lqSaJptq+CUnBnsZeJmpAAZqm3r3Q8FHUT6GuVEyofzRLXGJFWMcpyYvsKhemKh6l26Do3M4j/hTL/9gcSE0D7p4ng2bWIXtRTaHd2sI3TFmTqXI5GUoyjQyYionlz0puKfp/e4i+2XSd0rueWSd+sVKl62LA9HcAKn4MIFVOAGqlADCq/wAZ/wZdwZQ+PZePmN5ozszyHMwXj7AcSfgMA=</latexit>

For small noise

<latexit sha1_base64="iaUN9TJOJJ+3vUC93iaqMBFE3bc=">AAAB0HicZU9LSwMxGPxSX3V9rXrUw2IpeCq7W9GTUBDEYxX7ALeUbDZtQ5PNskm1pRTRo//Bu1f9N/4b07qIbec0mZl8zIQJZ0q77jfKrayurW/kN62t7Z3dPXv/oK7kICW0RiSXaTPEinIW05pmmtNmklIsQk4bYf9q6jceaaqYjO/1KKEtgbsx6zCCtZHa9rEVxJLFEY21cy1TRwnMuWMkRS2rbRfckjuDs0y8jBQgQ7VtvweRJANhrhGOlXo4T3RrjFPNCKcTK9B0qJ9YpHuXnkuEVfwnnJl3MFA0waSPu3Q8mzZxikaKnI5p1pGm4kydy2Gh1EiEJimw7qlFbyr+eWaPt9h+mdT9klcu+bd+oeJny/JwBCdwCh5cQAVuoAo1IPAKH/AJX+gODdEzevmN5lD25xDmgN5+ANeEgM4=</latexit> R
max

' �n

ln 2
<latexit sha1_base64="ykRJTRelcabmvQOGCHvE+mNFMVI=">AAAB3nicZY/LSsNAGIX/eK3xFnXpJtgUxEVJouhKKLhxWcVewClxMp22Q2eSmJlqS8jWnejSja/hVl/DtzGtQWx7YODMd87AHD/iTCrb/tYWFpeWV1YLa/r6xubWtrGzW5fhICa0RkIexk0fS8pZQGuKKU6bUUyx8Dlt+P2Lcd54oLFkYXCjRhFtCdwNWIcRrDLkGUe6ZV17CRJ4mCLJBL1HnRiTBLUpV9gM0gTxwHRTy9I9o2iX7YnMeePkpgi5qp7xjtohGQgaKMKxlLenkWolOFaMcJrqSNGhemRt1Tt3bCL00j9wkt3RQNIIkz7u0mQyNDVLGWqbnTDOTqDMCZ3qYSHlSPhZU2DVk7PZGP5l2R5n9vfzpu6WneOye+UWK26+rAD7cACH4MAZVOASqlADAq/wAZ/wpd1pT9qz9vJbXdDyN3swJe3tB2IRhpE=</latexit>

!(A) ' �� + ↵
<latexit sha1_base64="dejvYEKGpuuGfQKSsxVVaRqrUsA=">AAAB1HicZY/LSsNAGIX/1Futt6hLN8G2UBFLEkVXQsWNywr2AqaUyeRvO3QmiZmpWmpXokvfwDdwq+/i25jGILY9MHDmO2dgjhtyJpVpfmuZhcWl5ZXsam5tfWNzS9/eqctgEFGs0YAHUdMlEjnzsaaY4tgMIyTC5dhw+5eTvHGPkWSBf6OGIbYE6fqswyhRMWrrRsEJBHZJ6eLAkUzg3ZHjIVfk0CE87JGC0dbzZtlMZMwbKzV5SFVt6++OF9CBQF9RTqS8PQ1Va0QixSjHcc5R+KgemKd655ZJRa74D5zEd2cgMSS0T7o4SuaNjWKMPKMTRPHxlZHQqR4RUg6FGzcFUT05m03gXxbvsWZ/P2/qdtk6LtvXdr5ip8uysAf7UAILzqACV1CFGlB4hQ/4hC+trj1pz9rLbzWjpW92YUra2w9hb4JZ</latexit>

!(A) > 0 i↵ ↵ > �
<latexit sha1_base64="QuSdODxsA+sEdMkFsjbzMz/nhUw=">AAAB1nicZY/LSsNAGIX/qbcab1GXbkKbQt2UJIquLBU3LivYC5hSJpNJO3QmCZmpWkrdiS59AV/Brb6Kb2Nag9j2wMCZ75yBOV7MmVSW9Y1yK6tr6xv5TW1re2d3T98/aMpomBDaIBGPkraHJeUspA3FFKftOKFYeJy2vMHVNG/d00SyKLxVo5h2BO6FLGAEqxR19YLpRoL2cPnyuGqZBgsCw3Qxj/u46vqUK2xqXb1oVayZjGVjZ6YImepd/d31IzIUNFSEYynvzmLVGeNEMcLpRHMVfVQPzFf9C9siQiv9A6fp3R1KGmMywD06ng2cGKUU+UYQJekJlTGjcz0spBwJL20KrPpyMZvCvyzdYy/+ftk0nYp9UnFunGLNyZbl4QgKUAYbzqEG11CHBhB4hQ/4hC/URk/oGb38VnMoe3MIc0JvPwNVge0=</latexit>

`(A,B,C) � 1

4(2n� 1)
p

⇡(n� 1)

⇣↵
�

⌘2n�2

<latexit sha1_base64="9BKLwkI7nKIODxyZXsVg45PO1Lk="></latexit>

decreases in �
<latexit sha1_base64="JcQDkModeh8YkzTK+M+iyXOcsgQ=">AAAB1XicZU/LSsNAFL1TXzW+oi7dRNuCq5JE0ZVQcOOygn2AKWUyuW2HTh5kpmop2Yku/QI/wa1+i3/jtAax7YGBM+ece7nHTwSXyra/SWFldW19o7hpbG3v7O6Z+wdNGY9Shg0Wizht+1Si4BE2FFcC20mKNPQFtvzh9dRvPWAqeRzdqXGCnZD2I97jjCotdc1jL4p5FGCkrACZnpQoLR5ZZS9AoWjZMLpmya7aM1jLxMlJCXLUu+a7F8RsFOqdTFAp7y8S1ZnQVHEmMDM8hU/qkQdqcOXYLDQq/4Rz/fdGEhPKhrSPk1m/zKpoKbB6caqfPnSmzuVoKOU49HUypGogF72p+OfpPs7i9cuk6Vads6p765Zqbt6sCEdwAqfgwCXU4Abq0AAGr/ABn/BFWiQjz+TlN1og+cwhzIG8/QAs4oLM</latexit>

A =

2

66666664

�� 0

↵ �� 0
. . .

. . .
. . .

. . .
. . .

. . . �� 0
↵ ��

3

77777775

, B =

2

666664

1
0
...
0
0

3

777775
, C =

⇥
0 0 . . . 0 1

⇤
,

<latexit sha1_base64="D+Jy/+NR4d/Lb6a4bHNEdaO/B7Q=">AAADAXicZVLLSgMxFM2Mz46vqks3weIgoiVTRVeCj40LFwpWBSMlk4ltMPNgkvqgdOV3+AHuRJd+iVv9ETNjOtjxQsi55577CvETwaVC6NOyR0bHxicmK87U9MzsXHV+4VzG3ZSyJo1FnF76RDLBI9ZUXAl2maSMhL5gF/7tYRa/uGOp5HF0ph4Tdh2SdsRvOCVKU6156xj7rM2jHhG8Ha31ncr+rmH8kKiUP2hqAwdMKAJ/zY XI3IUNQYyhU8FEJB3iwkGqi1wcBLGSA4FxtTd0wwIYGSyEplTWHuM8orWlNroxi4Ji9HWnclBex8MYYYzvsqI5ROWUw3IKyqfPhkCuV1Ln7uDxWtUaqqPc4H/gGVADxk5a1Wddl3ZDFikqiJRX24m67pFUcSpY38GKPah7HqjOrodo6Kz8Iba0j7uSJYTekjbr5X+hD1c0FcCbONUnUjBnh3QklPIx9LVS79CR5VhGFjG9j1ee/j84b9S9zXrjtFHba5jNJsESWAarwAM7YA8cgRPQBNR6tz6tL+vbfrJf7Ff77VdqWyZnEQyZ/fEDWEnefw==</latexit>
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Generating non-normal networks

The simplest way to generate highly non-normal matrices is by
increasing matrix variability. Let

H(A) :=
max(i,j)2E{|Aij |}
min(i,j)2E{|Aij |}

PROBLEM: How to increase ` while keeping the variability H(A)
bounded.

<latexit sha1_base64="y8kbAlKiQU3yzl/8+qs7KHZle5Q="></latexit>
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Generating non-normal networks

H(DAD�1
)  max

(i,j)2E

(
d2j
d2i

)
H(A)

<latexit sha1_base64="bOOufrveGqOAOtVos3MIGvClZoM="></latexit>

In the sinple input single output case, if B = e1 and C = eTn , then

`(DAD�1
) � d2n

d21
`(A)

<latexit sha1_base64="UO0q0uQw3ixjmaYw7DKiuy0KheU="></latexit>

Large global 
variability

Small local 
variability

[DAD�1]ij =
di
dj

Aij
<latexit sha1_base64="VPeNKYuHgmvLIV/JtyYR4Fhjkug=">AAAB3XicZY9LS8NAFIVv6qvWV9Slm2BT0IUliaKrQotduKxgH9DUMJlM22knDzJTtYQs3YkuXfkz3Orv8N+YxiDWHpjhzHfuhTl2wCgXmvYl5ZaWV1bX8uuFjc2t7R15d6/F/UmISRP7zA87NuKEUY80BRWMdIKQINdmpG2PL2d5+46EnPrejZgGpOeigUf7FCORIEs+VtVuvVa/jU70uGdFdBRXzH6IcORYNE6uUVxLqapaclEra6mURaNnpgiZGpb8Zjo+nrjEE5ghzrvngehFKBQUMxIXTEEexD11xLCia9gtlP6As+RtTjgJEB6jAYnSnrFSSpCj9P0wOZ5QUjo3h1zOp66dTLpIDPn/bAZ/s6SP/v/3i6ZllPXTsnFtFKtG1iwPB3AIR6DDBVThChrQBAwv8A4f8ClZ0qP0JD3/jOakbGcf5iS9fgMuj4aR</latexit>

Let A 2 Rn⇥n
and D = diag{d1, d2, . . . , dn} and consider DAD�1

<latexit sha1_base64="UD2GbzJMKUfqk5jADL4mUJY1uQw="></latexit>
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Generating non-normal networks

Global variability

Local variability

In the line example with B = e1 and C = eTn , taking di = ↵i
we

obtain

`(DAD�1
) � ↵2(n�1)`(A)

H(DAD�1
)  ↵H(A)

<latexit sha1_base64="GMRnMSGMKaHSpsHQ0Dq/96fjcNw="></latexit>

Example: chain network

. . .
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��
<latexit sha1_base64="AJDGQHGaG6dp7yUfhYKTAqZOauA=">AAABu3icZY9LT8JAFIVv8YX4Ql26aQQSN5K2GF2RkLhxiYk8jCVkOr3AyEzbdG5VQvgVbuWH+W8s2BiBk0xy5jtnkjleJIUmy/o2clvbO7t7+f3CweHR8Unx9KytwyTm2OKhDOOuxzRKEWCLBEnsRjEy5UnseOP7Rd55w1iLMHiiSYQ9xYaBGAjOKEXP5WvXR0ms3C+WrKq1lLlp7MyUIFOzX5y7fsgThQFxybR+uY2oN2UxCS5xVnAJP+hd+DSq2xZXhco/cJPe3URjxPiYDXG6XDEzKynyzUEYpycgc0lXekxpPVFe2lSMRno9W8C/LN1jr/9+07Sdql2rOo9OqeFky/JwAZdwBTbcQQMeoAkt4KDgE75gbtQNbrwa8reaM7I357AiI/kBXNV5Iw==</latexit>

�↵
<latexit sha1_base64="whU/yQCOVCfHlGTDNLiYqBZAYv8=">AAABv3icZY9dSwJBGIXfsS+zL6vLbpZU6Ep2t6irwOimS4NMoRWZHV91cGZ32nmtRPwdXQX1s/o3rbZE6oGBM885A3NCo6Ql1/1mubX1jc2t/HZhZ3dv/6B4ePRo41EisCFiFSetkFtUMsIGSVLYMglyHSpshsPbWd58wcTKOHqgscG25v1I9qTglKJ2OQiReMCVGfByp1hyq+5czqrxMlOCTPVO8SPoxmKkMSKhuLVPl4baE56QFAqnhYDwjV5llwbXnit0ofIPXKT3YGTRcDHkfZzMl0ydSoq6Ti9O0hORM6cLPa6tHeswbWpOA7uczeBflu7xln+/ah79qnde9e/9Us3PluXhBE7hDDy4ghrcQR0aIOAZ3uETvtgN67OImd9qjmVvjmFBbPwDVGV7Eg==</latexit>
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Layering

From the above equations, we observe themagnitude of the entries ofA in Equation S28 is bounded in the interval [smin/↵,↵smax].
In graphical terms, the above-described procedure corresponds to a “directed stratification” of G, as illustrated in Supplementary
Figure S2.

Finally, if we consider a matrix A generated as above, an input matrix B = [ek1 , … , ekm], such that there exists r 2 {k1, … , km}
with r 2 S0, and an output matrix C = [et1 , … , etp]

>, such that there exists q 2 {k1, … , km} with q 2 S`max , in view of Theorem 4,

RT (A,�2) � RT

⇣
S,
�
↵`max�1�

�2⌘
.

The la�er equation shows that it is possible to reduce the e�ect of noise in the rate either by increasing ↵ or, for a fixed ↵ > 1,
by increasing `max. In particular, via a proper tuning of these two parameters, it is possible to increase the rate while keeping the
entries of A bounded in magnitude in a desired interval. Remarkably, this o�ers a viable way to enhance the communication
performance of real-world networks.

A

S0

B

S0

S1

C

S0

S1

S2

–

1/–

Supplementary Figure S2 | Construction of “layered” non-normal networks. Example of construction of a “layered” non-normal
network with n = 12 nodes. (A) A subset S0 of nodes in a weights graph G with homogeneous weights is selected. (B) Each node of the
network is assigned to a di�erent layers according to its distance from S0. (C) The parameter ↵ > 0 is used to generate a directional structure
between adjacent layers. The thickness of each edge in the network is proportional to their weight.
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For every edge (i, j) 2 E

1. if i, j 2 Sh, then
¯Aij = Aij ;

2. if i 2 Sh�1 and j 2 Sh, then
¯Aij =

1
↵Aij ;

3. if i 2 Sh and j 2 Sh�1, then
¯Aij = ↵Aij .

<latexit sha1_base64="7JosYrKbpJZE/JAx++ICxxlUq3E="></latexit>

Layering
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For every edge (i, j) 2 E

1. if i, j 2 Sh, then
¯Aij = Aij ;

2. if i 2 Sh�1 and j 2 Sh, then
¯Aij =

1
↵Aij ;

3. if i 2 Sh and j 2 Sh�1, then
¯Aij = ↵Aij .

<latexit sha1_base64="7JosYrKbpJZE/JAx++ICxxlUq3E="></latexit>

Layering

Then

H(

¯A)  ↵2H(A)

while

`( ¯A) � ↵2d`(A)

where d is the number of layers in the layering.
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1.  We proposed a model to quantify the information transmission 
performance in linear dynamic networks.


2. By introducing the inter-symbol interference, we could highlight the 
role of non-normality of the dynamics.


3. General non-normal dynamics is hard to study.


4. Low and high noise regimes are more treatable.


5. In the low regime it is convenient to have large trace(A) while non-
normality does not play any role.


6. In the high noise regime non-normality plays an important role.


7. In general it is not clear how to build highly non-normal networks. We 
proposed a method based on the network layering.



Thank you
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Normal vs. non-normal matrices

A œ RN◊N

normal matrices non-normal matrices

AA

€ ”= A

€
A

AA

€ = A

€
A

Normal vs. non-normal matrices

A œ RN◊N

normal matrices non-normal matrices

AA

€ ”= A

€
A

AA

€ = A

€
A

A = U

ú
DU,

U unitary, D diagonal
(spectral decomposition)

A = U

ú
TU,

U unitary, T triangular
(Schur decomposition)

D =

S

WWWU

⁄1
⁄2 . . .

⁄
N

T

XXXV T =

S

WWWU

⁄1
ı ⁄2
ı ı

. . .
ı ı ı ⁄

N

T

XXXV

T = D + N‡(A) = {⁄
i

}N

i=1

Matrix non-normality
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Modulation by a system transient 

At time t = 0 with a symbol a 2 A we associate an impulsive

input

u(t) = u0�(t) with ku0k  P

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)

Encoder +

Modulator

+
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Modulation by a system transient 

At time t = 0 with a symbol a 2 A we associate an impulsive

input

u(t) = u0�(t) with ku0k  P

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)

Encoder +

Modulator

+
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+ Decoder
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â0

|
â1
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ỹ0

|
ỹ1
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is the noise power
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Modulation by a system transient 

At time t = 0 with a symbol a 2 A we associate an impulsive

input

u(t) = u0�(t) with ku0k  P

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)

Encoder +

Modulator

+
Demodulator

+ Decoder
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is the noise power

<latexit sha1_base64="T0et3WyYgSxsM+Bbf1fmlVMgPOQ="></latexit>

SNR = P/�2

signal to noise ratio
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Modulation by a system transient 

At time t = 0 with a symbol a 2 A we associate an impulsive

input

u(t) = u0�(t) with ku0k  P
<latexit sha1_base64="H+z+BX6cW4VwbnABwo7jDacFFYk="></latexit>

ẋ(t) = Ax(t) +Bu(t)

y(t) = Cx(t)
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If the noise is small then

R
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Notice moreover that !(A) ' �� + ↵ and so ↵ > � guarantees

that !(A) > 0.

`(A,B,C) � 1
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⇡(n� 1)
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⌘
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Example

grows in �
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decreases in �
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Stratification

Set dh = ↵h
for i 2 Sh. Then, for every edge (i, j) 2 E :

1. if i, j 2 Sh, then
¯Aij = Aij ;

2. if i 2 Sh�1 and j 2 Sh, then
¯Aij =

1
↵Aij ;

3. if i 2 Sh and j 22 Sh�1, then
¯Aij = ↵Aij .

Then

H(

¯A)  ↵2H(A)

while

`( ¯A) � ↵2d`(A)

where d is the number of layers in the stratification.
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Generating non-normal networks

`(DAD�1, B, C) � max

i2B,j2C

d2j
d2i

`(A, ei, e
T
j )

<latexit sha1_base64="YUxzVa1cIWg8/QJWlC/UF56JAeA="></latexit>

PROBLEM: How to grow ` while keeping the variability in A
bounded

H(A) :=
max(i,j)2E{|Aij |}
min(i,j)2E{|Aij |}

<latexit sha1_base64="AixgnWQ9jU0G8Cw4BzY0z8eMues="></latexit>

A 2 Rn⇥n and D = diag{d1, d2, . . . , dn}

[DAD�1]ij =
di
dj

Aij
<latexit sha1_base64="NVGQuEdEDz9XXByBSCp04u9pXCg="></latexit>
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Generating non-normal networks:  
an example

H(

¯

A) = maxi{✏i}H(A)

`(

¯

A) =

 
n�1Y

i=1

✏i

!2

`(A)

The best choice of ✏i is to take ✏i = ✏ for all i

`(

¯

A) = ✏

2n�2
`(A), H(

¯

A) = ✏H(A)
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