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Sparse representation problems

Sparse representation of signals

B. Mourrain From moments to sparse representations



Sparse representation problems

Prony’s method (1795)

For the signal f(t) = >_°_; wiett, (wj, ¢; € C), &
Evaluate f at 2r regularly spaced points: g := f(0),01 := f(1),...
Compute a non-zero element p = [pg, . .., Pr] in the kernel:

(o) g1 (o Po
01 Or+1 P1 0
Or—1

O2r—1 02,1 Pr
Compute the roots & = e, ..., & = e of p(x) := > 1_ pix’
Solve the system

1

1 w1 o)
& & w2 o1
r—1 -1 %
1 e e f: Wry Or_1
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Sparse representation problems

Symmetric tensor decomposition
and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial ¢ of degree d in the variables

X = (X0, X1, - - -y Xn) With coefficients € K:
- d\ _,
w9= 3 o (o)<

find a minimal decomposition of v of the form

Y(x) = Zwi(ﬁi,oxo +&axi A+ & nxn)?
=

: —n+1 D —
with & = (0,8 1,---,&n) € K™ spanning disctint lines, w; € K.

The minimal r in such a decomposition is called the rank of .
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Sparse representation problems

Sylvester approach (1851)

Theorem

The binary form ¢ (xp, x1) = Z:'jzo Uf(d) 5

;)Xo 'xq can be decomposed as a

sum of r distinct powers of linear forms
r
P = Zwk((},kXO F ('))le)d
k=1
iff there exists a polynomial p(xo,x1) 1= pox§ + plx(;_lxl + -4 prx| s.t.

(1) o1 Or

Po
o1 Or+1 P1 0
Od—r ... 0O0d-1 Od Pr

and of the form p = ¢ [];_;(Fkxo — cuxy) with (e @ Bi) distinct.
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Sparse representation problems

Sparse interpolation

Input — EINH Q)@ — Output

v Find r € N,w; € C, o € N such that f(x) =Y 7_; wix®.

B. Mourrain From moments to sparse representations 7/27



Sparse representation problems

Choose ¢ € C
Compute the sequence of terms oo = f(1),...,00,1 = f(¢?>71);
Construct the matrix H = [oj4;] and its kernel p = [po, ..., p/] s.t.
oo o1 ... oy Po
01 Or+1 P1
. .| =0
Or—-1 ... 02r—1 02r-1 Pr
Compute the roots &1 = ©1,..., & = % of p(x) :=YI_, pix' and

deduce the exponents o; = log . (&;).

Deduce the weights W = [w;] by solving V= W = o0, ...,0,-1]
where V= is the Vandermonde system of the roots &1, ..., ¢&,.
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Decoding

mm
Md. ‘n

An algebraic code:

E={c(f) =1f(&1):- -, f(&m)] | f € K[x]; deg(f) < d}.

Encoding messages using the dual code:

€= EX = {c| e [f(&1),. ... F(E)] = 0 VF € V = (x*) C Flx]}
Message received: r = m+ e for m € C where e = [wy, ..., Wm] is an
error with w; # 0 for j = iy,. .., ir and w; = 0 otherwise.

= Find the error e.
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Sparse representation problems

Berlekamp-Massey method (1969)

Compute the syndrome o = c(x¥) - r = c(x¥)-e=>"_; w,-jgfjf.

Compute the matrix

oo o1 ... o,
01 Or+1
Or—1 ... 02r—1 02r—1

and its kernel p = [po, ..., p/].

Compute the roots of the error locator polynomial

p(x) = Yo pix" = pr [Tjma (x = &)-

Deduce the errors Wi, -
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Sparse representation problems

Simultaneous decomposition
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Sparse representation problems
Proposition (One dimensional decomposition)

Let ¢ = 27’:0 0’1,,'(0{/) gl_iX{ € K[Xo,Xl]d, forl=1,..., m.

1
If there exists a polynomial p(xo, x1) := pox§ + plx(g*lxl + -+ prx{ s.t.

01,0 01,1 oo O1,r
01,1 O1,r+1

Po

Ul,dl—r ce O—l,dl—l O—l,dl
P1
=0

O'm’o O'm’]_ Um,r

Pr
Om,1 Or+1

L Om,d,—r cee Om,d,—1 Om,dn

of the form p = ¢ [],_1(Bkxo — axx1) with [ay : Bi] distinct, then

Y = Zwi,/(alxo + B )
for wj; € Kand/l=1,...,m=!
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Duality

@ Duality
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Duality

Sequences, series, duality (1D)

Sequences: ¢ = (oy)ken € K indexed by k € N.

Formal power series:

oy) = ook 5 €KV olz) = 3 g on 2t € K[[Z]]

Linear functionals: K[x]* = {A : K[x] — K linear}.
Example:

> p s coefficient of x' in p = £07(p)(0)
> e p = p(C).
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Duality

Series as linear functionals: For o(y) = > ;2 o« };—k, € K][y]] or
0(2) = YiZo ok 2 € K[[]l,

oip=>Y px* (o]p) = ZUkPk

k

(};—T) (resp. (zk)) is the dual basis of the monomial basis (Xk)keN-

Example:

ec(y) = Do = e €KY eclz) = Spg 2 = 11 € K[[2]]

Structure of K[x]-module: pxA: q— A(pq).

xxoly) = Lo ongemy = 0o(y))
p(x)xa(y) = p()(o(y)) p(X)x0(z) = 7 (p(z7})(0(2)))
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Duality

Sequences, series, duality (nD)

Multi-index sequences: o = (04)aen» € K indexed by
a=(ag,...,a,) € N,
Taylor series:

o(y) = Xaen 0oty €Klyis- .oyl 0(2) = 3w 00z € Kl[z1.. ... 2,]]

where a! =[] ;! for « = (aq,...,a,) € N.
Linear functionals: 0 € R* = {0 : R — K, linear}

oip= Zpax — (o|p) = ZUaPa

The coefficients (o]x®) = 0, € K, o € N” are called the moments of o.
Structure of R-module: Vp € R,o0 € R*, pxo : g~ (o|pq):

pra=p(dr,...,00)0)y) pro=ri(plz;' . z,Y)0(2))
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Duality

Symmetric tensor and apolarity
Apolar product: For f =374 fa ()X, 8 = 3 41—g 8 (9)X* € K[X]4,

(f.8)d= > fala (Z)

|a|=d
Property: (f,(£0x0 + - - - + &nxn)?) = (&0, . .-, &n) )
Duality: For ¢ € 5S4, we define ¢* € S; = Homg(S4,K) as
¢* . Sd - K
p = (,p)d

Example: ((Soxo + + &nxa)9)* = ¢c 1 p € Sq > p(€) (evaluation at )

Dual symmetric tensor decomposition problem:
Given ¢* € S}, find a decomposition of the form ¢* = Y7, wje, where
& = (&0,6i1,---,&,n) span distinct lines in K"H, wi € K (w; #0).
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Duality

Symmetric tensors and secants

The evaluation ¢ € S at £ € R represented by the vector (£%)|4=d
defines a point of the Veronese variety V] C P(S}).

Y* =374 wieg, iff the corresponding point [¢*] in P(S}) is in the linear
span of the evaluations [e¢,] € V.

Let S2(V7) = {[v*] € B(S5) | ¥* = S0, wie; with [e] € V1, w; € K}.

The closure S,(V]) = S2(V1) is the r'-secant of V7.
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Duality

Dehomogeneization (aparté)
S =K[xo,.-.,Xn] R =K[x1,...,xn)
Lo p(x0y---yxn) = p(lx1,...,%n)
d
Oeg(p)p 3, ...,XO) — p(x1,..., %)t ho

Dual action
hSZO'ES:IO—)UOhQER;d
LSZO’GR;dP—)O'Ol,GS;
1B(a(y) + O0(y)7) = [eoo(y)la

where ¢g = Z, =.
For I C R, let [eg I'*]. be the vector space of homogeneous components of
eoo(y) for o € I+ C R*, then

[eo 1H]. = (J:x5)"
for any J such that o(J) = I (e.g. J = (I")).
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Duality

Inverse systems

For I an ideal in R = K]x],
It ={oce R |Vpel, (o|p) =0}.

> In K[[y]], I is stable by derivations with respect to y;.

» In K[[z]], /" is stable by “division” by variables z;.
Inverse system generated by wi,...,w, € K[y]
((Wis -+ wr)) = (OF (wi),a €N resp. (14 (z “wi(z)), 0 € N")
Example: | = (x2,x3) C K[x1, x2]
It = (Ly1,y2,y150) = ((y1y2))  resp. (1,21,29,212) = ((z122))

Dual of quotient algebra: for A = R/I, A* = I+,
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Duality

Hankel operators

Hankel operator: For 0 = (01,...,0m) € (R*)™,
H,: R — (R*)™
p +— (p*o1,....,px0m)

o is the symbol of H,.
Truncated Hankel operator: V,W;,..., W,, C R,
HYV ipeV = ((proi)w)
Example: V = (x*,a € A) = (x*), W = (x%, 8 € B) = (xB) C R,
o € R*,

HME = [(ox*x7)]acaseB = [0atslacaseB:
Ideal:
lo =kerH, = {p € K[x] | px o = 0},

— {p = Zpaxo‘ |\V/,8 S anpao'a-f—ﬁ = 0}

Linear recurrence relations on the sequence 0 = (04 )aenn.
Quotient algebra: A, = R/I, 1= Studied case: dim A, < oo
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Artinian algebra
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Artinian algebra
Structure of an Artinian algebra A
Definition: A = K[x]// is Artinian if dimg A < co.

Hilbert nullstellensatz: A = K[x|// Artinian & V() = {&1, ... ,& ) is
finite.

Assuming K = K is algebraically closed, we have
[ = Q1NN Q, where Q; is mg;-primary where V(1) = {&1,..., &}

A=K[x]/I = A, @ - & A,, with

A,’IU,'ANK[Xl,...,Xn]/Q,',
u? = uj, wu=0ifi#ju+--+u =1

i

dim R/Q; = p; is the multiplicity of &;.

B. Mourrain From moments to sparse representations 23 /27



Artinian algebra

Structure of the dual A*

Sparse series:

PolExp = { Zw, y)eg;(y) [ wi(y) € Kly], }

where ¢¢,(y) = e¥& = evinitvatn with &jeK
Inverse system generated by wi,...,w, € K[y]

((Wis -0y wr)) = (OF (wi),a € N)

Theorem

For K = K algebraically closed,
A" =®_1 Djeg,(y) C PolExp
VK(I) = {513 cee 7£r}

D; = <<w,'71, .. ,w,-y,,.>) with wij € ]K[y], Q,J‘ = D;eg where | = Ql N---N Qr
,u(w,-,l, ... ,w,-’/,.) = dimK(D,-) = Wi mu/tip/icity Off,'.
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Artinian algebra

The roots by eigencomputation
Hypothesis: Vi (/) = {&1,...,&} & A =K][x]/I Artinian.

M, A = A M A — A
u — au AN — axAN=ANoM,

Theorem
The eigenvalues of M, are {a(&1),...,a(&)}.
The eigenvectors of all (M3)aca are (up to a scalar) eg, : p — p(&;).

Proposition

If the roots are simple, the operators M, are diagonalizable. Their
common eigenvectors are, up to a scalar, interpolation polynomials u; at
the roots and idempotent in A.
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Artinian algebra

Example
Roots of polynomial systems
fi = xtxo—x? I =(f,h) C Clx|

{ fhh = x1x—x

A=C[x]/I = (1,x,%) | —( —X27X1X2—X2,X22—X2)
0 0 O 0 0O common 1 1

M= 1 0 0|, M=] 0 0O eigvecsof = 0 |,| 1
011 111 ME, M2 0 1

I =Q:1NQ where @ = (xl,xQ) Q2 =mq ) =(x—1,%—1)
I=QreQy Qf =(Ly) =1L poly) @& =(1)eayly)= ("""
Solution of partial differential equations (with constant coeff.)

90,0 —050 = 0 fixoc=0 = ocelt=Q{ Q"
0y,0y,0 — 0,0 = 0 hxo=0

c=a+by+ce"™” abceC
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Artinian algebra
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