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The problem

Decomposing symmetric tensors

You have...
F = —4xy +2xz + 2yz + 22.

You want...

F=(x-yP-2(x+yP+(x+y+2?>
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The problem

Decomposing symmetric tensors

You have...

F = —4xy + 2xz + 2yz + 7,
f=Fy1=—4y+2z+2yz+ Z°

You want...
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Ideas

Move and solve the problem in the dual space

R =K[x1,...,X].

Apolar polynomial

f= > f.x*€ Ry
la|<d
1
F: Reg — K,
fa (0%
g= Y gx ()= Y I
la|<d || <d ((y)
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Ideas

Move and solve the problem in the dual space

Apolar polynomial

= () fax*)*: Reg = K,

|| <d

9= gux*w(fg) =Y f(f)

| <d lo|<d

R<d — RZg,
r

f:Z/\j(1+/1,‘X1+"'+/m'Xn — = Z)\l/‘f

i=1

Im

N
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Ideas

Move and solve the problem in the dual space

RSd — dea

r
f= Z)\/U + hixy 4 o+ hixp)? s £ = Z)\il(h,....,/m-)-
i—1 '

Find A € R* that restricts to * on R<g:

Nrey = f*.
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Ideas

Use Henkel operators

Let A € R*. We define
» the Henkel operator of A as

Hx : R— R™,
rer+N=(t— Art)),
> In = ker Hy,
» Ay = R/1p,
» the multiplication by r operators on Ax and Aj as
Mr:.A/\—).A/\, M;AT\—)AZ,
t—r-t, G r*¢.
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Ideas

Use Henkel operators

[BCMT] Theorem
Let A € R* and r € N-,. The following are equivalent:

» There exist non-zero constants {\;};c1,.. € K\ {0} and
distinct points {(i}ie(s,....r; € K" such that

r
A=l
i=1

» rkHy = r and /5 is a radical ideal.
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Ideas

Use Henkel operators

Let A € R* such that A, is an r-dimensional K-vector space. Then
the following are equivalent:
» Up to K-multiplication, there are r distinct common eigenvectors
of {M}. }icq1,....n}-
» /p is radical.
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Ideas

Fill the Henkel matrix

Letf= -4y +2z +2yz + Z2.
We know some entries of Hy:

1 y z y? yz z2
1] () ) (2 FOA Fz) (2
y | f(y) (®) F(y2)
Hh=| z | f(2) f(yz) f(z?)
y2 | F(v?)
yz | *(yz) ?
22 | *(2?)
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Ideas

Fill the Henkel matrix

Letf = —4y + 2z +2yz + 22.

1 y z y? yz z2

1 0 -2 1 0 1 1

y| -2 0 1 haoy hety hag

H/\(h) = V4 1 1 1 h(2’1) h(172) h(073)
y2| 0 haoy hety haoy hs1y heo

yz| 1 hevy haz ha1y hez) has

2|1 haz hoy hez his hoe

We want values for h such that rkHy, = r and /, is radical.
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Ideas

Fill the Henkel matrix

Letf = —4y + 2z +2yz + 22.

1 y z y? yz z2

10 2 1 o 1 1

y | 2 0 1 hzo hety haz

H/\(h) = V4 1 1 1 h(271) h(1"2) h(o_’3)
Y2 0 hgoy hety haoy he1y hez

yz | 1 1) Da2)y haEay hez has)

221 haz hos hez has hoeas

@ E E
Hi=1 2 0 1
i B B
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Ideas

Fill the Henkel matrix

Letf= —4y + 2z +2yz + Z2.

1 y z y? yz z2
1[0 2 1 0 ] 1
y -2 0 1 haoy he1)y haz
H/\(h) = V4 1 1 1 h(2’1) h(1’2) h(0,3)
y2| 0 haoy hety hao hsi heo
yz| 1 heqy haz haqy hezy hag
2|1 hap hos hez his hos

We guess that B = {1, y, z} is a basis for A, so that r = 3. Define

0 -2 1 2 0 1
Hi=| =2 0o 1], HEA=| O  heo hei

1 heny  hapg
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Ideas

Fill the Henkel matrix

Letf= -4y +2z +2yz + Z°.
We guess that B = {1, y, z} is a basis for A, so that r = 3. Define

0 1 0
My = HYA(HR) ' = “876.0) T iMe. 873.0) F §h2) LLCEOR LCR) . I
y y* _3p 1p 1 1, ip 23 1, iy 1 ’
8N, t 21,2t 8 ghe, 1)t 212 — 8 2he) 22t g
B B By—1 ’ 1 ;
MZ = HZA(HR) ™ = “Brendfcat s shentifng -3 ifent ity
“8f1,2)t ghos) t 8 812t afos) — 8 N2 T 2M08) T g
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Ideas

Fill the Henkel matrix

Letf= -4y + 2z +2yz + Z2.
We guess that B = {1, y, z} is a basis for Ax, so that r = 3. Define

0 1 0
Mf = Hf*,\(H,%)_1 = ;%”(3,0) . Ih2.1) ; $h3.0) N 1he.1) . 1h3.0) i S0 . ,
“shen+tzhats  shentzhnz -8 2l *tzlneta
0 0 1
ME=HE \(HE)"' = < “3hentifng tE Bent iy 8 dhen et > .
“8f12)tahos)t s 82t afos) — 8 22t 2M08) T g
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Ideas

Fill the Henkel matrix

Let f = —4y + 2z +2yz + 22.

) o () (3))
) —

- OO0 OO =
NIoRWAw = O O
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Ideas

Fill the Henkel matrix

Let f = —4y + 2z + 2yz + 22.
1 1 1
Common eigenspaces: <( 1 >>,<< 1 >><< 1 >>
0 _% 3
Solve in A f =X (1-1y +02)° + X (1 + 1Y—%Z)2+A3(1 +1y +32)°

]
A =1 do= -2 =
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The algorithm

As proposed in [BCMT]

Algorithm: Symmetric tensor decomposition
Input: A homogeneous polynomial f(xg, X1, ..., X,) of degree d.
Output: A decomposition of f as f = >_._, \iki(x)? with r minimal.

» Compute the coefficients of *: ¢, = a, (2)71, for |a| < d.
> r=1.
> repeat

1. Compute a set B of monomials of degree at most d connected to
one with |B| =r.

2. Find parameters h s.t. det(H%) # 0 and the operators
M; = H3 A(HR) ™' commute.

3. If there is no solution, restart the loop with r :=r + 1.

4. Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
Mivi =GV, i=1,...,nj=1,...r.

until the eigenvalues are simple.

» Solve the linear system in (})j—1,..x: A = >4 [i1¢, where ¢; € K"
are the eigenvectors found in step 4.
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The refinements

0) Essential variables

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial f(xg, X1, . .., X,) of degree d
written by using a general set of essential variables.

Output: A decomposition of f as f = >_/_, \iki(x)? with r minimal.

» Compute the coefficients of *: ¢, = a, (2)71, for |a| < d.
> r:=1.
> repeat

1. Compute a set B of monomials of degree at most d connected to
one with |B| =r.

2. Find parameters h s.t. det(H%) # 0 and the operators
M; = H3 A(HR) ™' commute.

3. If there is no solution, restart the loop with r :=r + 1.

4. Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
Mivi =GV, i=1,...,nj=1,...r.

until the eigenvalues are simple.

» Solve the linear system in (/)j—1,..x: A= >"j_; 1, where ¢; € K"
are the eigenvectors found in step 4.
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The refinements

1) The starting r

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial f(xo, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of f as f = >_/_, \iki(x)? with r minimal.

» Compute the coefficients of f*: ¢, = a, (z),1, for |a| < d.

» =%+ r:=#EssVar(f)?
» repeat

1.

2.

3.
4.

Compute a set B of monomials of degree at most d connected to
one with |B| = r.

Find parameters h s.t. det(H%) # 0 and the operators

M; = H3 A(HR) ™' commute.

If there is no solution, restart the loop with r := r + 1.

Else compute the n x r eigenvalues (;; and the eigenvectors v; s.t.
M,-vi:C,-ij,i:L...,n,j: 1,...,r.

until the eigenvalues are simple.

» Solve the linear system in ()j—1,..x: A =>/_; i1, where ¢; € K"
are the eigenvectors found in step 4.
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The refinements

1) The starting r

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial f(xo, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of f as f = >_/_, \iki(x)? with r minimal.

» Compute the coefficients of f*: ¢, = a, (z),1, for |a| < d.

» =%+ r:=rk(Maximal numerical submatrix of Hy).
» repeat
1. Compute a set B of monomials of degree at most d connected to
one with |B| = r.
2. Find parameters h s.t. det(H%) # 0 and the operators
M; = H3 A(HR) ™' commute.
3. If there is no solution, restart the loop with r :=r + 1.
4. Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
M,-vi:C,-ij,i:L...,n,j: 1,...,r.
until the eigenvalues are simple.
» Solve the linear system in ()j—1,..x: A =>/_; i1, where ¢; € K"
are the eigenvectors found in step 4.
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The refinements

2) Connection to one vs staircases

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial f(xo, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of f as f = >_/_, \iki(x)? with r minimal.

» Compute the coefficients of f*: ¢, = a, (z),1, for |a| < d.
» r = rk(largest numerical submatrix of Hp).
» repeat
1. Compute a set B of monomials of degree at most d
conneetedto-one which is a complete staircase with |B| = r.
2. Find parameters h s.t. det(H%) # 0 and the operators
M; = H3 A(HR) ™' commute.
3. If there is no solution, restart the loop with r :=r + 1.
4. Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
M,-vi:g“,-’,-vj,i:h...,n,j: 1,...,r.
until the eigenvalues are simple.
» Solve the linear system in ()j—1,..x: A =>/_; i1 where ¢; € K"
are the eigenvectors found in step 4.
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The refinements

2) Connection to one vs staircases

Connection to one: B = {1,y,y?, y?z, y°}.
Complete staircase: B = {1,y,z, y?, yz}.

Theorem

Let F € R be homogeneous written by using essential variables and
let A € R* be an extension of f* € RZ ;. Then there is a monomial
basis B of A such that B is a complete staircase.

y

Comparison with 3 variables

Size of B | # Complete staircases | # Connected to 1
3 1 5

4 3 13

5 5 35

6 9 96

7 13 267

N,
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The refinements

3) Common eigenvectors

Algorithm: Symmetric tensor decomposition

Input: A homogeneous polynomial f(xo, X1, ..., X,) of degree d.
written by using a general set of essential variables.

Output: A decomposition of f as f = >_/_, \iki(x)? with r minimal.

» Compute the coefficients of *: ¢, = a, (%), for |a| < d.
» r = rk(largest numerical submatrix of Hp).
» repeat
1. Compute a set B of monomials of degree at most d which is a
complete staircase with |B| = r.
2. Find parameters h s.t. det(H%) # 0 and the operators
M; = H3 A(HR) ™' commute.
3. If there is no solution, restart the loop with r :=r + 1.
4. Else compute the n x r eigenvalues ¢;; and the eigenvectors v; s.t.
Mivj =G v, i=1,...,nj=1,...r.

until the-eigenvaluesare-simpte. there are r common eigenvectors.
> Solve the linear system in (}})j=1,...x: A = >_[_, [i1¢; where ¢; € K" are

the eigenvectors found in step 4.

D. Taufer, A. Bernardi | A refinement of the symmetric tensor decomposition algorithm




The refinements

3) Common eigenvectors

F=(x+yP+(x+2°P+(x+y+2)?°
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What we can learn more

Detecting the /9" g-case

Letf:=(x+y¥)°+ (x+2)°+ (x + 2y)(x — y)*~.
We check r =4 and B = {1,y, z, y?}.

0

B _
Myf

o

N
[oNeNeNe]
[eNeNelNe]
o =0 =
[eNeNeNe]

1
0
0
1

- OO

—
—

ol
—_ O = -
~ ~
T~ o~
cCoo-= S .o
- \/
[ Ne e T
- OL—k
— 000 S~ —
\/
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What we can learn more

Detecting the /9" g-case

Let f:= (x +¥)° + (x +2)° + (x + 2y)(x — y)*
We check r =4 and B = {1,y, z, y?}.

0

B _
My =

o

N
[eNeoNeNe)
[eoNeNoNe)
O =0 =
[oNeNeNe)

y
0
0
1

- OO

—

_ O = -

~_

T

O =+ O =

- S~~——
—

- O_‘k—k
A 000 ~—____—
\/

1 0
—1 0 1

0 AL o 0

0
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What we can learn more

Detecting the /9" g-case

Let f:= (x +¥)° + (x + 2)° + (x + 2y)(x — y)*
We check r =4 and B = {1,y, z, y?}.

MB =

0
0
y 0
1

o

N
[eNeoNeNe)
[eoNeNoNe)
O =0 =
[oNeNeNe)

—_

1
2
’ 0

—
_Lo_k—k
\/
—
O = O —
~_
—
\

) ,+ Generalized!

/\
|
O—L
—
/\
oo =
co—-0 —O
—~—ooo
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Further work

v

Get other (every?) configurations by studying Jordan blocks /
type /... ?

What we can learn even more: the cactus rank.

More selective choices on B? May these lead to bounds on r?
How to deal with h?

Serious implementation? Complexity?

vV v .v.Y
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... and that is it.

Thanks for your attention!
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